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Abstract: Recently, it was argued that the thermal deconfinement transition in pure Yang-
Mills theory is continuously connected to a quantum phase transition in softly-broken N=1
supersymmetric pure YM theory on R3 × S1. The transition is semiclassically calculable at
small S1 size L, occurs as the soft mass msoft and L vary, and is driven by a competition
between perturbative effects and nonperturbative topological molecules. These are corre-
lated instanton-antiinstanton tunneling events whose constituents are monopole-instantons
“bound” by attractive long-range forces. The mechanism driving the transition is univer-
sal for all simple gauge groups, with or without a center, such as SU(Nc) or G2. Here, we
consider theories with fundamental quarks. We examine the role topological objects play in
determining the fate of the (exact or approximate) center-symmetry in SU(2) supersymmet-
ric QCD (SQCD) with fundamental flavors, with or without soft-breaking terms. In theories
whose large-msoft limit is thermal nonsupersymmetric QCD with massive quarks, we find a
crossover of the Polyakov loop, from approximately center-symmetric at small 1L to maximally
center-broken at larger 1L , as seen in lattice thermal QCD with massive dynamical quarks and
T = 1L . We argue that in all calculable cases, including SQCD with exact center symmetry,
quarks deform instanton-monopoles by their quantum fluctuations and do not contribute to
their binding. The semiclassical approximation and the molecular picture of the vacuum fail,
upon decreasing the quark mass, precisely when quarks would begin mediating a long-range
attractive force between monopole-instantons, calling for a dual description of the resulting
strong-coupling theory.
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1 Introduction
The electric deconfined phase of QCD and pure Yang-Mills theory at high temperatures
has been understood as a result of the perturbative gluon screening potential [1] for the
Polyakov loop, favoring a center-broken (i.e., deconfined) phase. The much more interesting
confined phase, although studied extensively in lattice simulations, remains elusive due to the
strong coupling and unreliable perturbative expansion. Further, the appearance of magnetic
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confinement, spatial area law, and magnetic mass gap in the deconfined phase is also not
analytically tractable even at high temperature.1
Supersymmetric theories on R3× S1, on the other hand, are much more tractable by an-
alytic tools, due to the “power of holomorphy”, allowing the study of many features of their
infrared dynamics. A further simplification occurs at small S1-size L, where weak coupling
methods often apply. There, the perturbative screening of the Polyakov loop is cancelled
by the gluinos (it must be stressed that in order for this cancellation to be exact, a non-
thermal, periodic compactification of the gluinos is necessary). Once the perturbative contri-
bution is under control, the non-perturbative, exponentially suppressed instanton-monopole
contribution becomes dominant. However, due to the presence of gaugino zero-modes, the
instanton-monopoles cannot directly generate the bosonic potential for the Polyakov loop.
It was shown in [10] by an explicit calculation, following [11, 12], that the resummation of
instanton-monopole contributions gives rise to a bosonic potential for the gauge field holonomy
around S1 and for the dual photon. Center-symmetry was not discussed there and the form
of the bosonic potential was obtained from the superpotential, thus relying entirely on super-
symmetry. While giving the correct form for the potential, the underlying physical mechanism
leading to center-symmetry stabilization and mass for the dual photon (i.e., confinement) was
not discussed. The mechanisms responsible for these two phenomena were identified later and
were argued to transcend supersymmetry. The dual photon (or magnetic) mass arises from
the formation of the so-called “magnetic bions”, a kind of monopole-antimonopole molecules
[13]. The magnetic bions are responsible for confinement in spatially compactified Yang-Mills
theories with adjoint matter, generalizing the 3d Polyakov confinement mechanism [14] to
locally 4d theories. The mechanism for center-symmetry stabilization was, following [15], elu-
cidated in [16, 17], as arising from the formation of another kind of monopole-antimonopole
molecules called “neutral bions”, or “center-stabilizing bions”.2
Once the SYM theory is perturbed by a small gaugino mass msoft (which now controls
the strength of the perturbative screening potential for the Polyakov loop), upon increasing
msoft (at fixed L), center-symmetry gets destabilized due to both monopole-instanton and
perturbative contributions to the potential. This gives rise to a center-symmetry breaking
phase transition, as discussed in detail in [16, 17], following [22]. It was conjectured there,
and evidence was presented, that this center-symmetry breaking transition is continuously
connected to the thermal deconfinement transition in pure Yang Mills theory, upon decoupling
the gaugino. These results are reviewed in Section 3.
Our purpose here is to extend these studies to the case with fundamental matter. This is
closer to the real-world QCD compared to studies previously done and may shed some light
on the underlying mechanism of confinement/deconfinement in QCD.
1Studies of the Polyakov loop potential have employed lattice gauge theory, field theoretical models, and
functional renormalization group (an incomplete list for thermal R3 × S1 is [2–7]), while in thermal theories
on S3 × S1 or R2 × S1 × S1, it can be studied semi-classically (here, we only quote the most recent studies of
these two cases, [8] and [9], respectively, and refer the reader to the literature cited there).
2For conjectures on their role, including 2d and 4d theories without supersymmetry, see [18–21].
– 2 –
2 Summary and outline
This paper is organized as follows. We first review the phase diagram of softly-broken SYM
on R3 × S1 in Section 3, along with the available evidence for a continuous connection to
deconfinement in pure YM theory. In Section 4, we begin by reviewing the matter content
of SU(2) SQCD with Nf flavors, the various boundary conditions on the matter fields that
we consider, and the fields relevant for the description of the long-distance dynamics on
R3×S1. The (s)quark contribution to the perturbative potential for the Polyakov loop, which
arises upon introducing soft-breaking is computed in Appendix A. In Section 4.1, we discuss
the symmetries and the zero-modes of instanton-monopoles. In Section 4.2, without yet
worrying about the constraints of supersymmetry, we consider the qualitative expectation for
the center-symmetry realization in massive SQCD, following the logic of the earlier discussion
of SYM theory.
The main results of this paper are contained in Section 5. We begin by recalling some
known exact results in SQCD on R3×S1 (the ones that we will need) and set the stage for the
consistent semiclassical computation of the superpotential of massive SQCD. In Section 5.1,
we give the result of this computation and explain the meaning of all terms. The somewhat
lengthy technical details containing the computation of the one-loop nonzero mode determi-
nants in instanton-monopole backgrounds and the deformation of the moduli space metric
are given in Appendices B, C, D, and E.
In Section 5.2, we study the center-symmetry realization in massive SQCD with all quark
supermultiplets antiperiodic around S1. Since both quarks and squarks are antiperiodic, this
boundary condition preserves supersymmetry. In this case, upon decoupling squarks and
gauginos, the theory becomes thermal QCD with massive quarks. We compute (analytically
or numerically, depending on the quark mass) the deviation of the Polyakov loop expectation
value from the center-symmetric value. We show that the semiclassical calculation is self
consistent down to values of the Dirac mass (at least) of order the dual photon mass in the
given vacuum. We also argue (see also Section 4.2) that, for sufficiently massive quarks,
there is a crossover of the Polyakov loop from almost center-symmetric to center-broken upon
varying msoft and L, as in thermal lattice QCD (simulations are always performed with
massive quarks, see [23] for an early reference).
In Section 5.3, we study the boundary conditions for quarks around S1 which allow SQCD
to have an exact center symmetry for any scale of the Dirac mass (but with particular flavor
symmetry). Unlike the case of all-antiperiodic quarks, upon decoupling superpartners, this
theory does not acquire a thermal interpretation, but it allows us to study the topological
objects for a broader range of values of the quark masses. We study in some detail two
representative cases. We argue that in one of these cases, Section 5.3.1, the semiclassical
calculation is valid down to arbitrarily small finite Dirac mass and that center symmetry is
preserved (to substantiate this, we also present an exact superpotential describing the moduli
space of the massless theory away from the origin and argue that in the limit of zero center-
symmetric Dirac mass the theory is in the center-symmetric vacuum on this moduli space).
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The other case with exact center symmetry, Section 5.3.2, allows for arbitrarily light physical
mass of quarks in the center-symmetric vacuum, but we show that semi-classics breaks down
before the massless limit is achieved.
In Section 5.4, we write the potential for the Polyakov loop and the dual photon for
all cases mentioned above. As in pure SYM, the potential is due to magnetic and center-
stabilizing bions. We argue that in all cases considered, when semiclassics is applicable,
quarks only contribute to the bion dynamics by deforming the monopole-instantons due to
their quantum fluctuations. In cases when the physical mass of the quarks in the given
vacuum (arising from both the holonomy and the Dirac mass) can be made smaller than the
inverse bion size—i.e., exactly when one would expect quarks to contribute to the instanton-
antiinstanton binding—the semiclassical approximation and the associated bion picture of
the vacuum can be seen to break down.
In Section 6, we briefly summarize and mention prospects for future work.
3 Review of the phase diagram of softly-broken pure SYM on R3 × S1
The benefits of studying the theory on R3 × S1 are several. Due to the abelianization of the
gauge group along the Coulomb branch, the coupling is perturbative at small L. The three
dimensional nature of the long-distance theory also allows a dual description of the magnetic
sector in the effective compact U(1) theory via an abelian dual compact scalar field σ first
introduced in [14]. On the Coulomb branch of an SU(2) theory, the relevant long-distance
fields are the dual photon σ and the component of the gauge field A33 along the Cartan
generator ( τ
3
2 ) and the compactified direction (labeled here by x3). The latter effectively
describes the expectation value of the holonomy along S1. Instead of using the expectation
value of A3 to label the Coulomb branch, it is convenient to introduce a dimensionless field
b′ which denotes its deviation from the center-symmetric value.3
In addition to perturbative fluctuations, in the case of pure SYM with Nc = 2 the funda-
mental topological objects that contribute to the dynamics are the BPS and KK instanton-
monopoles.4 They generate ’t Hooft operators which we, schematically, denote as:
M1 = e−S0e−b′+iσλ¯λ¯, M2 = e−S0e+b′−iσλ¯λ¯,
M1 = e−S0e−b′−iσλλ, M2 = e−S0e+b′+iσλλ, (3.1)
We use M1 to denote the BPS monopoles and M2—the KK monopoles, and e−S0 = e−
4pi2
g2
is the ’t Hooft suppression factor at the center symmetric point b′ = 0. Finally, the fields λ
are the components of the gauginos along the Cartan direction. In the supersymmetric limit,
3For its precise definition see (5.8); b′ = 0 corresponds to the center-symmetric holonomy.
4These two types of instanton-monopoles are, in our view, most clearly introduced via D-branes, see [24],
although there are also field-theoretical descriptions, notably [25]. See [26] for a recent introduction and many
references.
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the long-distance theory is described by:
LSUSY = 1
2
g2
(4pi)2L
[
(∂ib
′)2 + (∂iσ)2
]
+ i
L
g2
λ¯σ¯i∂iλ+ αe
− 4pi2
g2
[(
e−b
′+iσ + e+b
′−iσ
)
λ¯λ¯+ c.c.
]
+ β
e
− 8pi2
g2
L3
[
e−2b
′
+ e2b
′ − e−2iσ − e2iσ
]
. (3.2)
The spinor notation here and below is that of [27] (the index i = 0, 1, 2 and σ¯i are the first
three σ¯ matrices of that reference). All couplings in (3.2) are normalized at the scale L−1
and only the exponential dependence on g2 is kept in the nonperturbative terms; the power
law dependence on g2 is hidden in the coefficients α, β. The physics giving rise to (3.2) is as
follows:
1. The kinetic terms are the dimensional reduction of the 4d kinetic terms (for b′ and λ);
while the term containing σ is obtained after a photon—dual photon duality transfor-
mation.
2. The term proportional to α is due to the ’t Hooft vertices of the monopole-instantons
M1,2 along with their zero modes, see (3.1).
3. The origin of the terms in the scalar potential deserves some more explanation. As
usual in supersymmetry, the potential term in (3.2) can be derived from a holomorphic
superpotential to be discussed in later Sections. However, we will now pause and discuss
a different way of thinking about the scalar potential terms, as the physics behind these
terms transcends supersymmetry:
(a) The terms giving rise to the σ potential (− cos 2σ) are due to “magnetic bions”—
correlated instanton-antiinstanton events of the type M1-M2 and M2-M1. This
type of instanton “molecules” have no topological charge, but carry magnetic
charge under the unbroken U(1) and are responsible for confinement. The am-
plitude associated with an [M1M2] composite is:
[M1M2] ∼ Ae−2S0e2iσ, (3.3)
where
A =
∫
d3r e
−
(
2× 4piL
g2r
+4 log r
)
= 4piI(λ) , λ ≡ g
2
8piL
(3.4)
denotes the integral over the quasi-zero mode (the separation between the instanton-
monopole constituents). The meaning of the terms in the exponent is as follows:
2× 4piL
g2r
accounts for the repulsion due to exchange of σ and b-scalars, and 4 log r
is the attraction due to gluino fermion zero mode exchange. Consequently, there
is a single saddle-point in the quasi-zero mode integral, given by:
rb =
4piL
g2
, (3.5)
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which can be interpreted as the magnetic bion size. The bion size is much larger
than monopole-size, but much smaller than (uncorrelated) inter-monopole separa-
tion. Consequently, a representation of the partition function as a dilute gas of
magnetic bions is justified.
(b) The terms giving rise to the b′ potential (cosh 2b′) are due to “center stabilizing
neutral bions”—correlated instanton-antiinstanton events of the typeM1-M1 and
M2-M2. These types of correlated tunneling events have no topological charge,
but have scalar “charge”, i.e., couple to the holonomy b′. Here, the integral over
the quasi-zero mode is, naively:
[M1M1] ∼ Anaivee−2S0e−2b′ . (3.6)
Now, the interactions between constituents due to σ and b exchange are both
attractive, while the fermion zero mode induced attraction is not altered (it remains
attractive). Thus the correlated amplitude is:
Anaive(g2) =
∫
d3r e
−
(
−2× 4pi
g2r
+4 log r
)
= 4piI˜(λ)
→ ABZJ(g2) = −4piI(λ). (3.7)
The integral on the first line in (3.7), as it stands, is dominated by the small r
regime, where not only (3.7) is incorrect, it is also hard to make sense of con-
stituents as the interaction becomes large (this is, clearly, in sharp contrast with
the magnetic bion [13, 26]). However, this “molecular” interpretation can be made
sensible by analytic continuation in λ, as indicated by the arrow in the second line
in (3.7) (see Refs. [15, 16, 18] for more details on ABZJ). We only note that the
phase (sign) difference between ABZJ in Eq. (3.7) and A in Eq. (3.4), obtained by
analytic continuation, coincides with the one following from supersymmetry.
When a small soft mass msoft for the gauginos on R3 × S1 is introduced, extra terms appear
in the Lagrangian (3.2), which thus becomes:
LSUSY+soft =
g2
2(4pi)2L
[
(∂ib
′)2 + (∂iσ)2
]
+ i
L
g2
λ¯σ¯i∂iλ+ αe
− 4pi2
g2
[(
e−b
′+iσ + e+b
′−iσ
)
λ¯λ¯+ c.c.
]
+ 2β
e
− 8pi2
g2
L3
[
cosh 2b′ − cos 2σ] (3.8)
+
msoft
g2
(λλ+ c.c.)− c1
m2soft
L
b′2 + γ
msoft
L2
e
− 4pi2
g2
(
e−b
′+iσ + e+b
′−iσ + c.c.
)
.
The origin of the new terms (on the last line above) is easy to explain. The first term is
simply the gaugino mass term. The second term is due to the one-loop perturbative potential
for the holonomy [1], which introduces a center-destabilizing potential for b′ (the term given
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in (3.2) is the leading term in a small msoft expansion of the holonomy potential of [1]). The
third term is due to the lifting of monopole-instanton zero modes by the gaugino mass (its
form and the coefficient γ can be obtained by contracting the zero modes in the α-term in
(3.2)).
As shown in [16], the terms with coefficients β and γ in (3.8) are the leading ones that de-
termine the phase structure of the pure softly-broken SYM theory in the small-L, small-msoft
domain. There is a center-symmetry-breaking quantum phase transition as the dimensionless
parameter msoftLe
S0 is varied (by writing the potential in (3.8) in dimensionless terms, it
is clear that msoftLe
S0 controls the relative strength of the supersymmetry-breaking terms
in the potential). Notice that msoftLe
S0 can equivalently be written as
msoft
L2Λ3
and that we
keep the strong coupling scale Λ fixed (as (ΛL)3 = e−S0). Thus, temporarily setting Λ = 1,
at small values of
msoft
L2
, the center-stabilizing neutral bions dominate and the ground state
is center symmetric. At
msoft
L2
larger than some critical value, the γ-term in (3.8), due to
monopole-instantons, destabilizes the center-symmetric vacuum and leads to a second-order
(for Nc = 2) center-symmetry breaking transition. This is also the known order of the decon-
finement transition in nonsupersymmetric thermal SU(2) YM theory.
Further evidence for the continuous connection of the small-msoft, small-L center-breaking
transition to the thermal deconfinement transition in YM theory was given in [17]. For Nc > 2
a first-order transition was found, as seen on the lattice in thermal pure YM theory, see the
recent review [28]. The phase transition temperature also acquires topological θ-angle depen-
dence due to the “topological interference” discussed in [29]; see also [30, 31] for earlier related
discussions of θ-dependence. The θ-dependence of the critical Lc was studied in [17, 32] and
is in qualitative agreement with recent lattice studies in thermal pure YM theory, see [33, 34]
and references therein.5 We also note that a model of the deconfinement transition in pure
YM, incorporating the center-stabilizing neutral-bions in an instanton-monopole liquid, along
with a comparison with lattice data, was recently proposed in [35].
Finally, we mention the case most closely related to the present paper. This is the
study [17] of a theory without center symmetry: pure SYM with gauge group G2 and soft-
breaking on R3 × S1. This theory is similar to real QCD in that fundamental quarks can
be screened (in G2, by three gluons). Proceeding along the lines described above for SU(2),
one finds a discontinuous transition of the Polyakov loop from almost center-symmetric to
center-breaking upon increasing 1L , as seen on the lattice for thermal G2 YM theory [36, 37].
4 Towards QCD: adding fundamental flavors
We now generalize the setup of Ref. [16] by adding Nf massive chiral superfields in the fun-
damental of the gauge group (their fermionic parts constitute Nf Dirac fundamental flavors).
This introduces Nf fundamental quark flavors and 2Nf complex scalars (thus, each quark
flavor comes with two complex fundamental scalars, in the fundamental and antifundamental
5 We note that Ref. [32] also studied the θ-dependence of the discontinuity of the Polyakov loop trace at the
transition in softly broken SYM and found a dependence confirmed by the recent lattice studies of Ref. [34].
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representation, respectively), with the action:
Sfund =
∫
R3×S1
(
ψ¯(i /D − iM)ψ + |Dµφ|2 + |φ|2M2
)
+ . . . (4.1)
where /D = γµDµ, µ = 0, 1, 2, 3, and γ
µ are four dimensional gamma matrices, where we have
momentarily departed from the notation of [27] (the dots denote additional interaction terms
in the SQCD action, the superpartners of the interaction with the gauge boson). We assume
that each quark flavor multiplet has an arbitrary periodicity in the compact direction
ψ(~x, x3 + L) = e
iαψ(~x, x3) , φ(~x, x3 + L) = e
iαφ(~x, x3) , α ≡ uL . (4.2)
Equivalently, α shows up as a constant x3-component u of a U(1) gauge field A3 → A3+u, with
u = α/L. In the supersymmetry literature this is sometimes referred to as “real mass” (notice
that the background field u gauges a U(1) subgroup of the vectorlike global flavor symmetry).
Since both components of the matter superfields have the same boundary condition, this
boundary condition preserves supersymmetry.
In our further study, we consider several different choices6 of α. For the purpose of
interpolating to thermal QCD, we note that taking α = pi for all matter multiplets makes
them antiperiodic around the compact direction. Thus, when soft supersymmetry breaking
terms are added (gaugino and scalar masses of order msoft), one expects that upon making
the scalars φ and gauginos massive, this theory interpolates between the supersymmetric
theory with a fundamental supermultiplet on R3 × S1, at msoft = 0, and thermal QCD with
fundamental quarks, at msoft →∞.
For completeness, we note that the vector multiplet part of the action is that of pure
SYM (again, omitting the Yukawa interactions of the gauginos with the squarks and quarks):
Svec =
∫
R3×S1
2
g24
Tr
(
1
4
F 2µν + iλ¯σ¯
µDµλ+ c.c.
)
(4.3)
where λ = λata, Fµν = Fµνt
a with ta = τ
a
2 and τ
a are the usual Pauli matrices. In pure SYM,
upon compactification, due to the SU(2)→ U(1) breaking by the compact Higgs field A3, the
tree-level low-energy effective action of the vector multiplet was given by:
Seffvec =
∫
R3
(
L
4g24
Fij
2 +
L
2g24
(∂iv)
2 + iλ¯3σ¯i∂iλ
3 + c.c.
)
, (4.4)
where Fij = ∂[iA
3
j] and we have selected a gauge such that the Higgs field is:
A3 = v
τ3
2
. (4.5)
6In this paper, we will not study in detail the Polyakov loop crossover for generic values of uL. We only note
that these correspond to introducing imaginary chemical potential for baryon number and that corresponding
lattice studies exist [38].
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The components of the gauge field and gaugino that become massive, with mass of order v,
are omitted from (4.4). Notice that the kinetic terms given in (3.2) are exactly the terms in
(4.4) upon a duality transformation ∂iσ ∼ ijkF jk, relabeling λ3 → λ, and redefining v → b′
as in (5.8).
For v 6= 0, i.e., along the Coulomb branch, the fundamental matter is always massive and
should be integrated out, except in the region where the real mass u ∼ vmin2 , where vmin is the
vev of the Higgs field (4.5), and when M is small, see Sec. 5.3.2. The perturbative effect of
the fundamental multiplet on the holonomy is, as usual, canceling between the superpartners.
However in the background of the instanton-monopoles this cancelation is not complete (but
it is exactly calculable, see Appendix B). Upon the introduction of SUSY breaking mass to
the scalars, however, even the perturbative contribution influences the holonomy, and, as is
well known, generically prefers trivial holonomy. Its effect is similar to the one of the gaugino
mass in pure SYM, the term ∼ c1 in (3.8), and will be described in Section 4.2 (see Appendix
A for explicit formulae).
4.1 Symmetries and monopole-instanton zero modes
Our goal in this paper is to study the fate of the center-symmetry breaking transition in
SYM at small msoft and L (described in Section 3) when fundamental fermions are added.
We expect that the transition is turned into a crossover, as observed in lattice studies of QCD
with dynamical fundamental fermions. We would like to see how this is manifested in the
calculable picture on R3 × S1. It is thus mandatory that we consider the symmetries of the
theory with fundamental matter.
Note that in the SU(2) theory that we consider here, the flavor symmetry of massless
SQCD is U(1)A × SU(2Nf ), as the matter fermions can be taken to be 2Nf fundamen-
tal Weyl fermions (unlike in Eq. (4.1); in this notation, the U(1)-baryon global symme-
try mentioned above is embedded in SU(2Nf ) and is generated by the Cartan generator
∼ diag(1, . . . 1,−1, . . . − 1)). The Dirac mass term is given by a 2Nf × 2Nf antisymmetric
matrix M ij and has the form:
LDirac = M
ijψαai ψ
b
α jab + h.c., (4.6)
where α are the SL(2, C) spinor indices, a, b—the fundamental SU(2) indices, and i, j—the
2Nf flavor indices. Furthermore, notice that, in addition to the Dirac mass, which explicitly
breaks the chiral symmetry (e.g., when M ij ∼ J ij : SU(2Nf )→ SP (2Nf )), the fermions also
have a real mass due to the expectation value of A3 along the Coulomb branch (for example,
in the center-symmetric vacuum, an SU(2) doublet splits into two fermions of opposite U(1)
charges and mass ± pi2L , respectively).
It is known, from the index theorem for the Dirac operator on R3×S1, see [39] and refer-
ences therein, that fundamental zero modes localize to one of the two types of monopole in-
stantons (in the center symmetric vacuum with v = piL , and for periodic fundamental fermions,
this would be theM1 monopole instanton; for antiperiodic fermions, this would be theM2).
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Thus, instead of (3.1), we expect to have the “monopole operators”:
M1 = e−S0e−b′+iσλ¯λ¯ψ¯2Nf , M2 = e−S0e+b′−iσλ¯λ¯,
M1 = e−S0e−b′−iσλλψ2Nf , M2 = e−S0e+b′+iσλλ, (4.7)
where ψ2Nf = Pf(ψ · ψ) denotes the flavor-symmetric ’t Hooft determinant.7 The meaning
of the “monopole operators” in (4.7) needs to be precisely defined, in view of the facts that:
i.) The mass of ψ in the center-symmetric vacuum is of order 1L and it is not clear why ψ
should appear in the effective theory at scales larger than L. ii.) Even if a component of the
ψ doublet is kept lighter than 1L by turning on a nonzero u, recall (4.2), it still carries electric
U(1) charge. Hence, ψ is a “magnetic” object from the point of view of the dual photon
σ, needed to write a local monopole operator. Thus, writing a lagrangian containing terms
likeM1, with both electric and magnetic fields, requires more elaboration. Furthermore, one
expects that a light electrically charged ψ would drive the U(1) coupling strong and invalidate
the semiclassical analysis.
Leaving aside these important subtleties (as we shall see, the “power of supersymmetry”
will, without mercy, force us to return to them), for now we shall adopt the view that Eq. (4.7)
provides a useful book-keeping device for encoding symmetries. We shall now attempt, via
symmetry and simple dynamical arguments, to guess a form for the resulting potential for b′
and σ in the theory with fundamentals—assuming an Abelianized description is valid.
We begin by discussing the chiral symmetries and their reflection in the monopole oper-
ators (4.7). The nonabelian SU(2Nf ) symmetry is intact (at small S1, it is only explicitly
broken by the mass term (4.6)). On the other hand, the two classical U(1) chiral symmetries
(see (4.8))—U(1)λ, acting by a phase on λ, and U(1)A, acting by a phase on all ψi—are
anomalous. Only a linear combination U(1)X : λ → e−iωλ, ψi → ei
2ω
Nf ψi is anomaly free.
Clearly the 4d BPST-instanton ’t Hooft vertex ∼ λ4ψ2Nf is invariant. On the other hand,
the monopole operators (4.7) are invariant only up to a shift of the dual photon field, i.e.,
U(1)X : σ → σ + 2ω. The intertwining of the anomaly free chiral symmetries and the topo-
logical shift symmetry of the dual photon is a generic feature in theories on R3 × S1 [12] and
is summarized below:
U(1)λ U(1)A U(1)X
λ 1 0 −1
ψi 0 1
2
Nf
eiσ − − 2
. (4.8)
The anomaly-free U(1)X , acting on both the gaugino and fundamental fermions, is explic-
itly broken when either a Dirac mass term M or a gaugino mass term msoft are introduced.
However, in the absence of both M and msoft, U(1)X is an exact symmetry and a potential
for the dual photon is not allowed (hence, the M = 0 supersymmetric theory would not be
7Recall the Pfaffian of an antisymmetric matrix X: PfX=
i1i2i3i4...i2Nf−1i2NfXi1i2Xi3i4 . . . Xi2Nf−1i2Nf .
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expected to confine, at least in the calculable semiclassical regime, assuming an abelianized
dual photon description is appropriate—for an example of such a non-confining theory on the
Coulomb branch on R3 × S1, see Section 5.3.1). On the other hand, chiral symmetry alone
does not forbid a potential for b′ (although when msoft = 0, the constraints of supersymmetry
have to be obeyed—in the supersymmetric limit any potential should arise from a superpo-
tential, a requirement which can be quite restrictive and will be considered further below).
Thus, the monopole instantons (4.7) might be expected to contribute to the scalar potential
for b′ via terms similar to those in (3.2) even when M = 0. The statements in this paragraph
were all made without taking any constraints of supersymmetry into account; we shall see
that these are strong and can modify the naive picture.
Finally, note that the symmetry between the contributions ofM1 andM2 in pure SYM
theory is broken when fundamental fermions are introduced, as they “prefer” to localize zero
modes at one of the fundamental monopole instantons. It is indeed theM1 ↔M2 symmetry
that is responsible for the nonperturbative stability of the center-symmetric Coulomb branch
vacuum (b′ = 0) in the SYM case. As center symmetry is usually absent with fundamental
matter, the M1 ↔ M2 symmetry is also not present, hence (generically—we shall see that
there are exceptions) an exactly center-symmetric vacuum is not expected at any L.
4.2 Qualitative expectation for (approximate) center symmetry in softly-broken
massive SQCD and Polyakov loop crossover
Let us continue, still without due worry about the constraints of supersymmetry, and consider
what one expects along the Coulomb branch of the theory, but now with massive quark
supermultiplets—so that we might lift the zero modes from Eq. (4.7) and not worry about
the subtleties mentioned thereafter—with regards to the role of the various fundamental
topological objects. The neutral bions of M1-M1 type are expected to be present, but
should be affected by the presence of fundamental fermions (we assume zero modes localize
onM1). As a first approximation, it appears that the neutral bions ofM2-M2 should not be
significantly affected. Magnetic bionsM1-M2 are also expected to form in the massive Dirac
theory and should be affected by the quarks as well. Finally, introducing soft masses msoft
would lift gaugino zero modes and give a M1,2 contribution to the potential, as in (3.8). Of
course, one expects that M1 and M2 are affected differently by the fundamentals as in the
limit of vanishing M , one carries a fundamental zero mode and the other does not.
In this Section, we will take the liberty to mix qualitative expectations, determining
the form of the holonomy potential, with some results of the calculations of later Sections,
especially the scaling of the parameters of the potential. Continuing with the qualitative
discussion, provided the abelianized description is valid for some range of M 6= 0 (and soft
masses msoft 6= 0), we propose a scalar potential, quite similar to the one that appears in the
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pure SYM case of Eq. (3.8):
e2S0
(ML)Nf
L3V (σ, b′) ∼ cosh(2b′ − δ1) + c′1 cos 2σ
+ c′3
msoftLe
S0
(LM)
Nf
2
cosh(b′ − δ2) cosσ − c′5
m2softL
2e2S0
(LM)Nf
b′2 . (4.9)
The coefficients δ1 and δ2 express our expectation that different bions will be affected differ-
ently by the presence of fundamental fermions. The overall normalization in the softly-broken
SQCD scalar potential (4.9) follows from the calculation in Section 5.4. The soft terms on
the last line above are also similar to the ones in (3.8) and represent the leading effect of soft
breaking. The dimensionless coefficient appearing in the soft-breaking terms can be expressed
via renormalization group invariant quantities as:
c ≡ c′3msoftLeS0(LM)−
Nf
2 ∼ c′3msoftL(LΛ)−3+
Nf
2 (ML)−
Nf
2 = c′3
msoft
L2
Λ−3+
Nf
2 M−
Nf
2 ,
(4.10)
where Λ is the one-loop strong coupling scale of the Nf -flavor theory (note that Λ
−3+Nf
2 M−
Nf
2
→ Λ3SYM as M becomes large). At this stage we do not yet know the precise values of the
coefficients c′i and δi, but we expect them to depend on ML and Nf , and to approach the
values of the pure SYM theory when M →∞; see Section 5.1.
It is clear that for small soft breaking (i.e., small c of Eq. (4.10)), the minimum for b′ is
determined by the terms on the first line of (4.9) and is shifted away from b′ = 0 (the center
symmetric value) to b′ = δ1/2 (thus, to a center-symmetry breaking minimum), while σ is
minimized at 0 or pi (for positive c′1; note that the c′3 term will select one of these values).
Naturally, the absence of center symmetry at any “temperature” (1/L) is expected in the
theory with fundamentals. However, for sufficiently heavy quarks, the deviation from center
symmetry at small-L (for fixed msoft) should be small and this should be reflected in δ1,2.
Increasing the soft mass (c) destabilizes the small-b′ minimum and shifts it away towards
a value when the abelian picture breaks down, as in the softly-broken pure SYM case. We
interpret this as turning the smooth (2nd order) center-symmetry breaking transition in SYM
with increasing the c parameter into a crossover—as observed in lattice simulations of QCD
with massive quarks.
In the remaining Sections, we shall, by an explicit calculation verify the qualitative picture
described in (4.9) in the case of sufficiently massive quarks—such that in the supersymmet-
ric limit, the deviation from center symmetry is parametrically suppressed. For this case,
in Section 5.4 we obtain analytic expressions for the various coefficients in (4.9). Most im-
portantly, we will show that δ1 = 2δ2 and c
′
1 = −1 (i.e., the dual photon potential has its
supersymmetric value, up to small corrections suppressed by powers of msoftL, which we
neglect).8 The coefficient of the monopole-instanton term, c′3, can be computed as in [16]
8See Eq. (5.31) for the potential and Eq. (5.9) for the fermion bilinear term in the potential (which, upon
soft-breaking, gives rise to the monopole-instanton term in (4.9)).
– 12 –
and its pre-exponential g2-dependence (which we do not show here for brevity9) implies that
it is dominant w.r.t. the perturbative one-loop contribution. Thus, in the weakly-coupled
semiclassical regime, the almost center-symmetric/center-breaking crossover is largely due to
a competition between neutral bions and monopole-instantons.
Now it is easy to see that the minimum of the potential for b′ is at b′ = δ2 for sufficiently
small values of msoft, while for c > 4 it is given by b
′
min = δ2 ± cosh−1 c4 ≈ −δ2 +
√
c−4
2 ,
which is clearly still second order transition (i.e., the b′min(c) has an infinite first derivative).
Note however that the there is no center symmetry (i.e., the potential is not invariant with
respect to the change b′ → −b′), but to leading order in the soft SUSY breaking mass there
is still a b′ → −b′+ 2δ2 symmetry. The symmetry is broken though by the perturbative term
proportional to the gluino mass10 ∼ m2softb′2. Expanding to 4th order in a small quantity
b′ − δ2, we find the potential (4.9):
V (b′, σ = pi) ≈
(
2
3
− c
24
)
(b′ − δ2)4 +
(
4− c
2
)
(b′ − δ2)2 − c2c′5 b′2 . (4.11)
It is easy to see that taking into account the perturbative potential, the behavior of the
minimum value b′min(c) smooths out and the transition becomes a crossover
11, as illustrated in
Fig. 1. Note that since there is a lack of center symmetry (or variation thereof), the Polyakov
loop is no longer an order parameter. Nevertheless it is still connected to the energy of an
infinitely massive quark, and it shows rapid variation as a function of temperature in lattice
QCD simulations.12
Finally, recall that the vanishing soft mass limit, msoft = 0, is supersymmetric SQCD
with Dirac mass M on R3 × S1. The dynamics of this theory is not always under analytical
9Here, we also do not give the explicit expressions for δ1 = 2δ2, c
′
3, and c
′
5, as they are not important for
the qualitative discussion of the transition (c′3 and c
′
5 have pre-exponential g
2 dependence which we omit, see
[16]); for an explicit expression for δ2 in the heavy-quark limit, see Eq. (5.21).
10The potential (4.9) describes the effect of softly breaking supersymmetry by adding a mass to the gauginos
msoft; however this immediately implies a SUSY breaking mass in the fundamental matter multiplet through
one-loop effects, giving a higher mass to the squarks m20 ∼ g2m2soft. This would imply the existence of a center
breaking term linear in b′ in the potential (which follows from the formulae for the matter contribution to the
holonomy potential given in Appendix A), however the coefficient is g2-suppressed compared to the already
subleading contribution of the gaugino mass to the perturbative holonomy potential. Further, the linear term
does not change the qualitative picture we outline here. We note in passing that we could tune the squark
mass to be such that the perturbative potential of the vector multiplet and the matter multiplet combine into
the same form as the instanton-monopole terms (b′ − δ2)2, which would restore the b′ → −b′ + 2δ2 symmetry
and again induce a second order phase transition. Although this transition seems of limited interest, it could
be relevant for the exploration of the imaginary chemical potential of the phase diagram and its connection to
the real chemical potential.
11In actuality, there would be another term due to the moduli space metric which would contribute to
the monopole term ∼ b′ sinh(b′ − δ2) (see Eq. (2.34) of reference [16]). This term also does not obey the
b′ → −b′ + 2δ2 symmetry, but is subdominant due to the ∼ g2 supression. It is however parametrically larger
then the b′2 term. Nevertheless since the effect of it to leading order is identical to the perturbative b′2 we
omitted inserting this term in our qualitative expectation of the potential (4.9).
12It is clear from (4.10) that the fixed-msoft transition from the almost center-symmetric to center-broken
phase occurs as 1
L
is decreased.
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Figure 1. The minimum of b′, proportional to the Polyakov loop trace, tr Ω ≈ g24pi b′, as a function of the
parameter c = c′3
msoft
L2 Λ
−3+Nf2 M−
Nf
2 . The value b′ = δ corresponds to an almost center-symmetric
Polyakov loop and the behavior at c > 4 indicates a transition towards collapsing eigenvalues of
the Polyakov loop. The solid-blue, dashed-purple and dotted-yellow curves are for three values of
parameter c′5 = 0, 0.0001, 0.0005 respectively. Recall that the c
′
5 = 0 case corresponds to neglecting
the (suppressed by powers of g2) perturbative holonomy potential, leading to a second order transition,
which turns into a crossover once c′5 6= 0. This is the behavior seen on the lattice, see Ref. [23] for an
early study of SU(2) theory with dynamical massive quarks.
(weak coupling) control even at small L. Its behavior is qualitatively known in the M = 0
limit and some aspects will be reviewed in the following Section 5. On the other hand, the
dynamics of SQCD can be quantitatively understood in the limit of sufficiently large M , as
we will show. It is clear that for large Dirac mass M the theory should go over to pure
SYM. For sufficiently large M and any Nf , we can understand, in a controlled semiclassical
approximation, the finite-M corrections to the center-breaking transition in pure SYM, and
thus its turning to a crossover, due to fundamental flavors. This will allow us to compute the
potential that we guessed in Eq. (4.9).
5 Massive SQCD with Nf flavors on R3 × S1
We start by reviewing some exact results. We will be brief, as there exist both older and
more recent extensive literature, see [12, 40] and references therein. We only consider SU(2)
SQCD with 2Nf doublets in the supersymmetric limit. We begin with the massless theory.
The “power of holomorphy” in supersymmetry allows one to make exact statements about
the superpotential of the theory. Recall that in the supersymmetric limit every potential
has to come from a superpotential, which is strongly constrained, even nonperturbatively,
by holomorphy and the symmetries. The exact superpotential of the theory with zero mass
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matter supermultiplets is given by13
W = (Y PfM)
1
Nf−1 + ηY , (5.1)
where Y is the “monopole superfield”, which, semiclassically, i.e. sufficiently far form the
origin of the Coulomb branch, is Y ∼ e−b′+iσ, i.e. incorporates the fields b′ and σ that are
classically massless (and superpartners). In (5.1),M does not denote a monopole operator as
in (3.1), but the 2Nf × 2Nf meson superfield antisymmetric matrix. The bosonic component
of the meson superfield is classically given byMij = φai abφbj , where φai are the squark doublets
(i = 1, ...2Nf , a, b = 1, 2). Here, η is proportional to the strong-coupling scale of the theory,
η = e
− 8pi2
g2
+iθ ∼ Λ6−Nf (here θ denotes the topological theta angle). The superpotential
(5.1) describes the moduli space of the theory—its manifold of ground states, determined
by finding the critical point of the W with respect to Y and the components of the meson
fields.14 Classically, the moduli space consists of a Coulomb branch (where the holonomy
has an expectation value) and a Higgs branch (where the squarks, or the gauge invariantM)
have an expectation value, which meet at the origin (where all vevs vanish).
Quantum mechanically, however, the solutions of dW = 0 may give rise to a different
manifold. In particular, at the singularities of this manifold—such as the one immediately
seen from (5.1) to occur at Y =M = 0 for Nf > 2—new massless degrees of freedom must
occur, leading to a description using a tangled web of dualities. We refer the reader to the
work cited in the beginning of this Section and only briefly discuss the Nf = 2 case here.
Now (5.1) has no singularities and hence no light degrees of freedom in addition to Y and
Mij arise. The vacuum is determined by dW = 0: Y = 0 and PfM = −η, i.e., there is a
quantum moduli space where the SU(2Nf = 4) chiral symmetry is broken by the expectation
value of the lowest component of the meson superfield. Thus, the Coulomb branch vacuum
(where the notion of BPS and KK monopole-instantons makes sense) is lifted and the massless
theory vacuum is on the Higgs branch. Notice also that, classically, Mij is proportional to
φai abφ
b
j , whose Pfaffian vanishes by the rank condition (a, b = 1, 2 and commutativity of φ’s).
Thus, the classical Higgs branch PfM = 0 is quantum-deformed to PfM = −η. One can
understand this deformation by studying flows from Nf = 3 (where a computation using the
Seiberg dual is useful) to Nf = 2, see [41].
The point of the brief review above was to remind the reader that the physics of massless
SQCD on R3 × S1, even at small L, is rather nontrivial and not semiclassical, in most cases.
Semiclassical cases include Nf = 0 and the case of arbitrary Nf when the Coulomb branch is
13For Nf ≥ 2 and all quarks periodic around the S1 (see [12] for other boundary conditions and Nf = 1).
We do not show all cases, since with sufficiently massive quarks, Eq. (5.3) describes the low-energy physics in
all cases (notice that this also follows from our explicit calculation of Section 5.1). See Section 5.3.1 for an
example of a superpotential with non-periodic quarks and exact center symmetry.
14The normalization of the two terms in W is not determined by symmetry (the normalization is meaningless,
unless the Ka¨hler potential is also specified) but this does not diminish its usefulness for studying the moduli
space of vacua.
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not lifted, e.g., the theory described in Section 5.3.1, with half the quarks periodic and half
antiperiodic.
Next, we consider massive quarks. The superpotential (5.1) becomes:
W = (Y PfM)
1
Nf−1 + ηY + trMM, (5.2)
If the fundamentals are sufficiently massive (heavier than the Y field), a superpotential should
be written only in terms of Y . This can be done by integrating out the mesonsM by inserting
the solution of their equations of motion (modulo D¯2 terms) into (5.2) and obtaining:
W = a Y +
b
Y
, (5.3)
where a and b now parameterize the coefficients the two terms. This superpotential determines
the supersymmetric vacuum of the massive theory: 〈Y 〉 = ±
√
b
a . For our study of the center-
symmetry realization, we would like to understand the implications of (5.3) in more detail
and find out: i.) The relation between the chiral superfield Y and the UV fields of the 4d
gauge theory, especially the relation between its bosonic component and the Wilson line of
the gauge field around S1, i.e., the Polyakov loop, and b.) The values of the coefficients a
and b in the superpotential. Knowing the answers will tell us about center-symmetry along
the Coulomb branch and will determine the first two terms of the potential in Eq. (4.9).
Including small soft supersymmetry breaking and obtaining the rest of the terms in (4.9) is
then straightforward.
In the next Section, we perform a self-consistent semiclassical calculation of (5.3). We
start by assuming that the Dirac mass M is large enough so that the fundamental supermul-
tiplet can be integrated out and the long-distance dynamics can be described only in terms
of a superfield Y . Furthermore, we assume that we are sufficiently far along the Coulomb
branch so that an abelian semiclassical description is valid. Then the topological excitations
contributing to the superpotential (5.3) are the BPS and KK monopoles. The effect of the
fundamental fermions is to modify their amplitudes by their quantum fluctuations. The quan-
tum fluctuations depend on the background holonomy (since, along the Coulomb branch, the
fundamental superfield mass depends on the holonomy) as well as on M , L, and the boundary
conditions around S1. We shall see that the quantum fluctuations due to the massive quark
superfields play an important role in determining the holonomy expectation value, which thus
acquires M -dependence. In the end of the calculation, for the given value of M , we have to
check that the resulting holonomy expectation value is far enough along the Coulomb branch
and that the coupling is sufficiently weak, so that the assumption of calculability made in the
beginning of this paragraph is self consistent. Self-consistency of semiclassics is then expected
to provide a lower bound on M .
As usual, the superpotential is inferred from a computation of the fermion bilinear term
generated by BPS and KK monopole instantons. This calculation has a long history, see
[42], but some details relevant for the present study were spelled out only recently (in the
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N = 1 setup, see [17] and references therein). In particular, it was shown that the bosonic
and fermion fluctuation determinants of the vector multiplet in the monopole-instanton back-
grounds do not cancel. This is despite the fact that these backgrounds preserve supersym-
metry and occurs because of the slow fall-off of the background, leading to a non-matching
density of states of fermions and bosons. The non-canceling one-loop determinants modify
the tree-level proportionality relation between log Y and the holonomy A3. In the pure-SYM
case, the conclusion that the vacuum is center symmetric is not affected by the quantum-
deformed relation between log Y and A3 [17]. However, we shall see that this is not so in the
theory with fundamentals.
5.1 The supersymmetric vacuum of massive SQCD on R3 × S1
As stated above, monopole-instantons in massive SQCD generate a fermion-bilinear ’t Hooft
vertex. We now simply state the result and refer to Appendices for details of the calculation:
L2 ferm. =
c
g6
e
− vL
2pi
[
8pi2
g2
+Nf log
4pi
LM
]
+3 log
Γ(1−Lv2pi )
Γ(Lv2pi )
+NfXuL(vL,ML)
eiσ λ¯λ¯
+
c
g6
e
−(1− vL
2pi
)
[
8pi2
g2
+Nf log
4pi
LM
]
−3 log Γ(1−
Lv
2pi )
Γ(Lv2pi )
−NfXuL(vL,ML)
e−iσ λ¯λ¯ + c.c. (5.4)
The expression (5.4) is obtained by combining the tree level bare ’t Hooft suppression factor,
the one-loop determinants of the vector and chiral supermultiplets around the BPS and
KK monopole instantons (Pauli-Villars-regulated and computed in Appendix B) and the
integrations over the bosonic and adjoint-fermion zero modes. The origin of the various
factors appearing in (5.4), see Appendix B for details, is as follows:
1. The first term gives the contribution of the BPS monopole-instantons, and the second
term—the KK monopole-instantons. The BPS monopole-instantons have action vL2pi
8pi2
g2
,
where vL = pi is the center-symmetric point. The KK monopole-instantons have action
(1 − vL2pi )8pi
2
g2
. At the center-symmetric point, the BPS and KK monopole-instantons
have equal action S0 =
4pi2
g2
.
2. All divergent terms from the determinants are absorbed in a redefinition of the UV
cutoff-scale (ΛPV ) coupling in the ’t Hooft suppression factor to g
2. From now on g2
denotes the 4d gauge coupling of massless SQCD (with beta function 6−Nf ) evaluated
at the scale 4piL .
3. The e±iσ factors, with σ—the dual photon field, represent the fact that the monopole-
instantons carry long-range fields. The overall g−6 factor comes from zero-mode nor-
malizations, see [42]. We omit an inessential overall dimensionless constant c; what
matters is that it is the same for the two terms and is given in [17]. Also note that the
fermion fields are taken to have dimension 3/2, as in 4d.
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4. The 3 log(Γ(1− Lv2pi )/Γ(Lv2pi )) factor represents the finite part of the one-loop vector su-
permultiplet determinant. Notice that it is not a periodic function of Lv and is valid
for 0 < Lv < 2pi. The meaning of its singularities is explained in [17].
5. The factors proportional to Nf arise from the chiral supermultiplet nonzero mode de-
terminants around the monopole-instantons. In addition to Nf log
4pi
LM in the square
brackets of each term in (5.4), they also give rise to the terms denoted by XuL(vL,ML),
appearing in the BPS and KK terms:
XuL(vL,ML) = − 2
pi
∞∑
n=1
1
n
sin
(
nvL
2
)
cos(nuL)K0(LMn) . (5.5)
Here, uL denotes the boundary condition for the chiral supermultiplets: for example,
uL = pi for antiperiodic quarks and uL = 0 for periodic quarks. If different flavors have
different boundary conditions, the corresponding factors of XuL have to be summed
over, possibly including different Dirac masses M .
6. The expression for XuL(vL,ML) in (5.5) converges fast when ML≥O(1) (for smaller
ML, it requires keeping O(1/LM) terms in the sum). On the other hand, at small
ML, XuL has a logarithmic singularity, see Eqn. (E.5). Using (E.5), we find that, as
ML → 0, the finite part of the fundamental supermultiplet determinants in the BPS
and KK monopole-instanton backgrounds become:
eNf(
vL
2pi
logLM+XuL(vL,ML)) → (ML)Nf Ifund.BPS (vL,uL) , (5.6)
eNf((1−
vL
2pi
) logLM−XuL(vL,ML)) → (ML)Nf (1−Ifund.BPS (vL,uL)) .
The exponent is expressed in terms of the index counting the fundamental zero modes
in the BPS monopole-instanton as a function of holonomy and real mass, as given in
[39]:15
Ifund.BPS (vL, uL) = 1+
⌊
vL+ 2uL
4pi
⌋
+
⌊
vL− 2uL
4pi
⌋
=
⌊
vL+ 2uL
4pi
⌋
−
⌊
2uL− vL
4pi
⌋
, (5.7)
where bxc denotes the largest integer smaller than x.
With all factors now explained, let us study the consequences of (5.4). As usual, this will be
done by first writing the superpotential implied by L2 ferm.. To this end, we first redefine the
Coulomb-branch modulus field v by expanding around the center-symmetric value piL :
Lv
2pi
=
θ
2pi
=
1
2
+
g2
8pi2
b′, equivalently b′ =
8pi2
g2
θ − pi
2pi
, (5.8)
15Notice that the index is not defined when either of the terms in the square brackets in (5.7) are exactly
integer (at this point, fundamental zero modes become non-normalizable and jump between different monopole-
instantons). Also note that, as we show later, in the ML → 0 limit semiclassics breaks down in all but one
case; thus, (5.6) should be viewed as a consistency check on the calculation, rather than a physical limit to be
taken.
– 18 –
where θ is the angular separation between the Polyakov loop eigenvalues. We obtain:
L2 ferm. =
c
g6
e
− 4pi2
g2
−Nf
2
log 4pi
LM
×
e−b′
(
1+
g2Nf
8pi2
log 4pi
LM
)
+3 log
Γ( 12−
g2
8pi2
b′)
Γ( 12 +
g2
8pi2
b′)
+NfXuL(pi+
g2
4pi
b′,ML)
eiσλ¯λ¯
+ e
b′
(
1+
g2Nf
8pi2
log 4pi
LM
)
−3 log
Γ( 12−
g2
8pi2
b′)
Γ( 12 +
g2
8pi2
b′)
−NfXuL(pi+ g
2
4pi
b′,ML)
e−iσλ¯λ¯
+ c.c. (5.9)
The fermion mass term (5.9) can be obtained from the superpotential (5.3), with a = b, and
Y ≡ eB:
W = A (eB + e−B) , A ∼ e
−S0(LM)
Nf
2
L2g2
. (5.10)
Once again, we do not give the overall numerical constant, but stress that the coefficients of
the two terms are identical, with our definition of the superfield B (implied above; also see
Eq. (5.13) below). To leading order in the coupling, the Ka¨hler potential of the B field is
canonical16
K ' g
2
2(4pi)2L
B†B , (5.11)
leading to the bosonic potential
V = K−1
B†,B
∣∣∣∣∂W∂B
∣∣∣∣2 = 2AKB†,B (cosh(2ReB)− cos(2ImB)) , (5.12)
where KB†,B =
∂2K
∂B∂B† ' g
2
2(4pi)2L
.
To verify that the superpotential W , with the coefficient as given in (5.10), leads to the
fermion bilinear (5.9), recall also that the fermion component enters the chiral superfield17 B
as ∼ L
g2
θσ3λ¯, where λ is the 4d gaugino field (here, θ is the superspace coordinate, with the
usual four-dimensional notation of [27] and compact direction x3). The imaginary part of the
lowest component of B is ImB| = iσ, the dual photon field, while its real part is expressed
through the holonomy b′ (recall the redefinition (5.8)) as follows:18
ReB| = −b′
(
1 +
g2Nf
8pi2
log
4pi
LM
)
+ 3 log
Γ(12 − g
2
8pi2
b′)
Γ(12 +
g2
8pi2
b′)
+NfXuL(pi +
g2
4pi
b′,ML) . (5.13)
16With corrections that can be determined from the moduli space metric (C.1) after a duality transformation.
17For a full component expression, see Appendix A of [43] (notice that their convention corresponds to
compactifying x2, in the notation of [27]).
18The definition of B employed in (5.13) corresponds to using the variation of A33 away from the center-
symmetric value as the lowest component of the real linear superfield (describing the dimensional reduction of
the 4d gauge supermultiplet) dual to B. For our study of center-symmetry realization, we find the definition
implied by Eq. (5.9), where the entire superpotential is proportional to (ML)
Nf
2 , most convenient. Redefining
the origin of B would, of course, shift the minimum away from ReB = 0, but not the value of the holonomy.
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Equation (5.13) is the scalar superpartner of the usual photon-dual photon duality. It takes
into account the one-loop modification of the moduli space metric (i.e., the kinetic term of v,
or of b′), see Appendix A of [17] for a recent discussion.
Since the two terms in the superpotential (5.10) have identical coefficients, the super-
symmetric minimum, determined by the extremum of the superpotential, dW = 0, occurs
at 〈B|〉 = 0. It is clear from (5.13) that 〈B|〉 = 0 does not imply 〈b′〉 = 0, contrary to the
pure-SYM case. The vacuum equation, Re〈B|〉 = 0, can be written, using:
θ ≡ vL (separation between Wilson loop eigenvalues)
m ≡ML (dimensionless Dirac quark mass) (5.14)
α ≡ uL (α = 0− periodic quarks;α = pi − antiperiodic quarks)
and introducing
δ ≡ θ − pi
2pi
, b′ =
8pi2
g2
δ , (5.15)
ReB|(δ,m, α) = −8pi
2
g2
δ + 3 log
Γ(12 − δ)
Γ(12 + δ)
−Nf
(
δ log
4pi
m
−Xα(pi + 2piδ,m)
)
.
Now we also impose the condition that the solution of ReB| = 0 lies within the region
of validity of the weak coupling semiclassical expansion. To this end, we recall (see [17])
that supersymmetry relates the derivatives of the logarithms of instanton determinants with
respect to the holonomy to the loop-modified moduli-space metric. The effective 3d coupling
g23,eff., which determines the kinetic term for the holonomy v (as well as for the photon, not
shown below):
1
2g23,eff.
(∂iv)
2 , (5.16)
is given by an expression (D.6) that depends on the modulus v (or δ, recall (5.14)) as well as
the matter content of the theory:19
1
Lg23,eff.
=
8pi2
g2
+ 3ψ(
1
2
+ δ) + 3ψ(
1
2
− δ) +Nf
(
log
4pi
m
− 2piNf ∂Xα(θ,m)
∂θ
∣∣
θ=pi+2piδ
)
= − ∂
∂δ
ReB|(δ,m, α) . (5.17)
The last equality in (5.17) explicitly shows the stated relation between instanton determinants
and moduli space metric. In order that the weak-coupling semiclassical approximation be
valid, we demand that each of the last two terms (the loop corrections due to adjoints or to
For finding the expectation value of the holonomy in the supersymmetric ground state, the corrections to the
moduli space metric (C.1) can be neglected, but the determinant factors in (5.9), which enter the duality
relation (5.13), can not. We will be able (maintaining the validity of semiclassics) to take the ML → 0 limit
only in one case and will see that in this case this factor has a natural origin, see Section 5.3.1.
19See Appendix D for a derivation and various checks on the formula for the effective coupling.
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fundamentals) on the r.h.s. of (5.17) be much smaller than the first (8pi
2
g2
, the dimensionless
‘bare’ 3d coupling at the cutoff scale 4piL of the 3d theory). Thus, the vacuum value of the
holonomy δmin determined by ReB| = 0 should also obey:
8pi2
g2
 max
{∣∣3ψ(θmin
2pi
) + 3ψ(1− θmin
2pi
)
∣∣, ∣∣Nf (log 4pi − Φ(θmin,m, α))∣∣} , (5.18)
where we denoted for future use:20
Φ(θ,m, α) ≡ logm+ 2pi∂Xα(θ,m)
∂θ
. (5.19)
Now we can finally formulate the minimization/consistency problem as follows. The
equation that δmin should solve is:
8pi2
g2
δmin = 3 log
Γ(12 − δmin)
Γ(12 + δmin)
−Nf
(
δmin log
4pi
m
−Xα(pi + 2piδmin,m)
)
. (5.20)
On the other hand, the semiclassical consistency condition (5.18) requires that the derivative
of the l.h.s. of (5.20) w.r.t. δ be much bigger than the derivative of each of the two terms
appearing on the r.h.s. Thus, both the vacuum state and the consistency of the semiclassical
approximation can be investigated graphically, for general values α and m, and we do so in
several examples below (see Fig. 2). At the end of this Section, we stress again that we keep
g2 ≡ g24(4piL ) (equivalently, the four-dimensional strong-coupling scale of the Nf -flavor theory,
Λ) and L fixed and let m, α, and Nf vary.
5.2 Antiperiodic quarks and Polyakov loop expectation value
We next consider the case of antiperiodic quark supermultiplets and study the Polyakov loop
expectation value as a function of M . The implications of these results for the Polyakov loop
crossover were discussed in Section 4.2.
In general, the relation (5.13), or the equivalent (5.20), is complicated and will be studied
below. In the limit where the deviation from center symmetry is small, it is clear from (5.13)
that Re〈B|〉 = 0 corresponds to, up to corrections suppressed by g2:
〈b′〉 ' NfXpi(pi,ML) = −Nf 2
pi
∞∑
n=1
1
n
sin
(npi
2
)
(−1)nK0(LMn) , (5.21)
where we took the case of antiperiodic quarks. Thus, for LM ≥ O(1), the deviation from
center-symmetry is seen by keeping the first term in the sum (in the qualitative discussion of
Section 4.2, this expectation value was called δ2, see Eqs. (4.9, 4.11)):
〈b′〉 ' Nf
√
2
pi
e−ML√
ML
. (5.22)
20Φ(θ,m, α)− Φ(θ,ΛPV L,α) is a sum over (s)quark Kaluza-Klein modes, ∼∑KK m−1KK , see (D.5).
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This corresponds to an expectation value of the Polyakov loop:
〈tr Ω〉 ≈ g
2
4pi
〈b′〉 ' Nf g
2
(2pi)3/2
e−ML√
ML
, (5.23)
valid in the heavy quark limit (LM ≥ O(1)). See Section 5.4 for a “string breaking” inter-
pretation of (5.23).
For general values of M , the solutions of (5.20) can be found graphically—by plotting the
function of δ on the r.h.s. vs. the straight line on the l.h.s. and looking for their intersection—
for various values of g,m, α. This is illustrated on Fig. 2 for the case when all quarks are
antiperiodic (Nf = 1 is taken on the figure). One conclusion from the Figure is that exponen-
tially small values of the Dirac mass still lead to finite deviations from center symmetry such
that the semiclassical Abelian description is valid. We note that the case shown on Fig. 2 is
consistent with our starting assumption: for Dirac masses larger than the dual photon mass
one expects a description that does not involve quark fields.
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we obtain that
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2
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2
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(3.56)
Now we compute the one loop correction to the moduli space metric. Using (3.21) we
obtain for the zero mass limit
Ffund =Nf
L
2⇡
ln(ML) +Nf@vXuL(vL,ML) =
=Nf
L
2⇡
ln(ML) +Nf
L
2⇡
(c1   ln(ML))
 Nf L
2⇡
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n
@⌫Li⌫(e
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o      
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c1  Nf L
2⇡
Re
n
@⌫Li⌫(e
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(3.57)
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 (✓,m,↵) = c1   Re
n
@⌫Li⌫(e
i( v2+u)) + (u!  u)
o      
⌫=0
(3.58)
where we have ignored the terms depending on ⇤PV . This makes the e↵ective coupling equal
to
 (✓,m,↵) = c1   Re
n
@⌫Li⌫(e
i( ✓2+↵) + ↵!  ↵)
o
(3.59)
The criterium of the validity of semiclassics then becomes
8⇡2
g2
  max
(    3 ✓✓min2⇡
◆
+ 3 
✓
1  ✓min
2⇡
◆     ,
     X
i
N
(i)
f (ln(4⇡)   (✓min,m,↵(i)))
     
)
(3.60)
It can be seen by plotting that the function  (✓,m,↵) blows up at the values of the ✓/2 = ↵,
making semiclassics invalid there. However if one keeps the center stable by imposing periodic
and antiperiodic boundary conditions to the equal amount of fermion flavours, the semiclassics
is valid and the theory is under control.
Note that we are unable to treat the theory semiclassically in the region where ↵ = ±⇡/2,
while keeping center symmetry, as semiclassics becomes unrelibale there.
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The 3d e↵ective coupling (3.30) is:
1
Lg23,eff.
=
8⇡2
g2
+ 3 (
1
2
+  ) + 3 (
1
2
   ) +Nf
✓
log
4⇡
m
  2⇡Nf @X↵(✓,m)
@✓
  
✓=⇡+2⇡ 
◆
=   @
@ 
ReB( ,m,↵) (3.43)
and we demand that each term on the r.h.s. of (3.43) be much smaller than the first (8⇡2/g2)
at the minimum. Thus, the equation that  min solves is:
8⇡2
g2
 min = 3 log
 (12    min)
 (12 +  min)
 Nf
✓
 min log
4⇡
m
 X↵(⇡ + 2⇡ min,m)
◆
, (3.44)
while at the same time, the semiclassical condition (3.31) requires, upon comparing with
(3.43) that the derivative of the l.h.s. of (3.43) w.r.t.   be much bigger the derivative of each
of the two terms appearing on the r.h.s. Recall that we keep g24(
4⇡
L ) and L fixed and vary m
(as well as ↵ and Nf ).
Note that the solutions of (3.44) can be now studied graphically—by plotting the function
of   on the r.h.s. vs. the straight line on the l.h.s. and looking for their intersection—for
various values of g,m,↵... (the weak-coupling condition can be studied by comparing the
slopes of the various lines near the intersection).
8⇡2
g2
  = 3 log
 (12    )
 (12 +  )
 
✓
  log
4⇡
m
 X⇡(⇡ + 2⇡ ,m)
◆     
m=e
  4⇡2
g2
, (3.45)
This includes the case with all quarks antiperiodic (i.e., ↵ = ⇡ in (3.43,3.44) above), as well
as other cases that preserve center symmetry discussed below.
3.4 Quarks with real mass terms preserving center symmetry
In the case of an SU(2) gauge group, there are two cases where di↵erent fundamental quarks
flavors have di↵erent boundary conditions such that the action has a Z2 center symmetry.
Considering these cases is interesting not because they relate, upon decoupling the super-
partners, to four-dimensional thermal QCD, but because they give some insight on the e↵ect
of fundamental quarks on the topological excitations for di↵erent values of the parameters.
These two cases are:
1. Case I.:
Nf
2 quarks are periodic, i.e have ↵1 = 0, and
Nf
2 quarks are antiperiodic,
with ↵2 = ⇡. All quark supermultiplets have the same Dirac mass M . The Z2 center
symmetry transformations interchange the two sets of quark flavors.
2. Case II.:
Nf
2 quarks have ↵1 =
⇡
2 and the other
Nf
2 have ↵2 =  ⇡2 . As above, the
two kinds of flavors have the same Dirac mass M and they are interchanged by the Z2
center symmetry.
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The proposed thesis project outlined here is on general toroidal compactified QCD-like gauge theories,
the dualities they have to physical syst ms or models like generalized Coulomb gases, multi-frequency
sine Gordon models, pertrubed XY spin models, and other lattice models, and the interesting physics
and confining/deconfining phase transitions that may occur. The motivation is in studying the problem
of confinement in 4D by studying easier 2D theories arising after compactification, however the moti-
vation is specifically in understanding the underlying dynamics of particles and how they bring on the
mechanism responsible for confinement. Work has b en done by simpl circle-compactifi d theories on
R3 ⇥ S1 and it seems very interesting to consider more compactifications and how the dual Coulomb
gas is a↵ected. In the case of thermalized R3 ⇥ S1 we are adding a small temperature and so a second
cycle of length   = 1/T . Work done thus far by colleagues and myself has indeed shown a very exotic
Coulomb gas of scalar, magnetic and electric charges, with W bosons of both scalar and electric charges,
where scalar charges attract like charges! These types of exotic gases are the subject of my PhD thesis
and establishing whatever dualities to spin models and int grable fiel theories may exist and teach
us more about phase transitions. I further mention some possible future work generalizing to non-flat
geometries such as a non-flat torus, or other Riemann surfaces of higher genus, however this is not as ex-
actly and easily done. I outline the methods anyway but will focus on the flat torus compactification here.
Let us consider a general set-up wh we study pure gauge theory (of some s mi-s mple, imply-
connected Lie group G, say SU(N)) in D dimensions. We then ask what happens to the theory in lesser
dimension d from a compactification
RD ! Rd ⇥ ⌃,
where ⌃ is a compact manifold of codimension d, which we could take to be a roduct of D   d circles,
TD d, or a Riemann surface of genus g in the case D  d = 2. The method of studying the compactified
theory is to integrate out all modes of the matter and gauge fields along the compact directions leading
to an e↵ective potential for the non-compact directions. For example, let us look at the dimensional
deconstruction of a 4D theory to two dimensions compactified on flat torus S1L ⇥ S1  and look at the
e↵ective 2D Lagrangian in detail (Aµ = (Ai, , ), i = 1, 2 being the non-compact directions (of cycle
lengths L, , and   can be taken to be the thermal/time direction):Z
d4x
1
4g2
Fµ⌫Fµ⌫+(matter)!R2⇥T 2
Z
d2xF ijFij/4g
2+|Di |2/2+|Di |2/2+V T2eff ( , )+(fermions)+· · · ,
 D !  d   ⌃, G = SU(N) ! U(1)N 1
where as usual Fµ⌫ = @µA⌫   @⌫Aµ + ig[Aµ, A⌫ ] and Di = @i + igAi. We have used gauge invariance to
rotate globally the gauge field towards a specific colour direction, and so that [ , ] = 0 = [Ai, ], etc.
This holds also as we are supposing that in the symmetry breaking arising from the compactification,
the centre-symmetry is preserved at the global minimum of the potential in order for confining phases to
occur and that the theory completely Abelianizes (which, in fact, we show it does!). We want to integrate
out the  , -modes to find Veff , then replace  , by their VEVs acquired at the global minimum of the
e↵ective potential.
This e↵ective potential is just a sum over the eigenvalues of the Laplacian   on ⌃ and so can be
written as a zeta function and usual zeta-regularizing techniques can be used.
Veff =  1
2
ln det(  ) = 1
2
⇣ 0(0),
which would be multiplied by 2[d/2] for fermions in d-dimensional space-time due to spin degeneracy. In
the case of a flat torus with the usual Laplacian    = @i@i but with Wilson i es added W  = e
H
Aµdxµ
where the gauge field Aµ 2 ⌦1(⌃, Lie G) is a Lie algebra 1-form on the compact manifold and [ ] 2 H1(⌃)
is a homology cycle. Only non-contractible Wilson lines lead to non-integrable phases, and the eigenvalues
2
Figure 2. The graphical determination of δmin for M = L
−1e−S0 , for three different values of g2,
Nf = 1, and all antiperiodic quarks, α = pi. This value of M is, within leading exponential accuracy,
equal to the dual photon (and superpartn rs) mass se Section 5.4. The three f nctions of δ lotted
for 0 < δ < .5 are labeled on the Figur . The relevan intersection point dete mines that δmin ' .25 for
g2  1. Clearly, the semiclassic l approximation is v lid, as the slopes of the lines near the intersection
points are rather well s parated. The lot also shows that ven expone tially small values of the Dirac
mass can lead to only finite deviations from center symmetry, e.g., with angular separation of the
Polyakov loop eigenvalues about pi2 , thus still described by a weakly-coupled Abelian theory.
While we have not determined the precise value of m = ML where the semiclassical
description breaks down, clearly this is expected to happen for M sufficiently smaller than
the dual photon mass (in principle, t is is str i htforward to determine numerically). That
the breakdown is bound to occur for sufficiently small M follows fr m noting that upon a
decrease of m, the intersection point Fig. 2 moves to the righ —i.e., to less separated
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eigenvalues, toward the point where SU(2) is restored. Simultaneously, the slope of the lines
corresponding to the terms on the r.h.s. of (5.20) increases.
As far as the semiclassical dynamics of topological molecules is concerned, we note that in
the “all-antiperiodic” quark theory, the fundamental zero modes, even for exponentially small
masses (as in Fig. 2), have only a short range, ∼ L, and affect the magnetic and neutral bions
only through their mass insertions and quantum fluctuations. The one-loop determinants
around monopole-instantons and the related running of the coupling determine the shift of
the vacuum of the theory away from center-symmetry.
The cases with quarks that preserve center symmetry, which offer a larger set of tunable
parameters, are discussed next.
5.3 Quarks with real mass preserving center symmetry
For an SU(2) gauge group, there are cases, parameterized by a continuous real-mass param-
eter δu, where different fundamental quarks flavors have different boundary conditions, such
that the SQCD action has a Z2 center symmetry which interchanges the two sets of quarks.
Studying these cases is interesting not because they relate, upon decoupling the superpart-
ners, to four-dimensional thermal QCD (they do not), but because we hope for additional
insight on the effect of fundamental quarks on the topological excitations as we can vary more
parameters.
To have center symmetry of the SQCD action, consider the theory with Nf flavors, such
that
Nf
2 of the flavors have a boundary condition around S
1 given by (4.2) with α1 =
pi
2 +Lδu
and for the other
Nf
2 flavors, given by α2 = −pi2 +Lδu (in other words, α1−α2 = pi; it suffices
to consider Lδu ∈ (0, pi)). The center-symmetry transformation, a “gauge transformation”
antiperiodic around the S1, maps the flavors with boundary condition α1 into the flavors with
boundary condition α2. In order to be a symmetry of the action, the Dirac masses of the
two types of flavors should be identical (notice that no mass term mixing the two types of
flavors is allowed). In SQCD with center symmetry, the superpotential would still be given
by (5.10), but the duality relation (5.13) is replaced by:
ReB| = −b′
(
1 +
g2Nf
8pi2
log
4pi
LM
)
+ 3 log
Γ(12 − g
2
8pi2
b′)
Γ(12 +
g2
8pi2
b′)
(5.24)
+
Nf
2
[
Xpi
2
+Lδu(pi +
g2
4pi
b′,ML) +X−pi
2
+Lδu(pi +
g2
4pi
b′,ML)
]
.
The effect of the different boundary conditions on g23,eff. is, similarly, taken into account by
replacing Xα in (5.17) with
1
2(Xα1 + Xα2). Now the condition that the expectation value
〈B〉 = 0 is equivalent to 〈b′〉 = 0, since at b′ = 0, we have, at the center symmetric point
vL = pi:
Xpi
2
+Lδu(pi,ML)+X−pi
2
+Lδu(pi,ML) = (5.25)
− 4
pi
∞∑
n=1
1
n
sin
(npi
2
)
cos(
npi
2
) cos(Lδu)K0(LMn) = 0 ,
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for any value of the real mass δu. Thus, the Z2 center symmetry of the action is preserved
nonperturbatively. This conclusion holds for values of the parameters M, g, L, such that the
semiclassical description leading to (5.13) (or (5.24)) remains valid.
In the center symmetric vacuum, the physical mass squared of the two types of funda-
mental flavors are most easily read off the denominator of (D.5), i.e., 1
L2
(
2pik + pi±2αi2
)2
+M2,
for each type of flavor, i = 1, 2 (k ∈ Z is the Kaluza-Klein mode number). Since 2α1,2 =
±pi+2Lδu, the masses are 1
L2
(2pik + pi + Lδu)2+M2 and 1
L2
(2pik − Lδu)2+M2 for α1-flavors
and 1
L2
(2pik + Lδu)2 + M2 and 1
L2
(2pik + pi − Lδu)2 + M2 for α2-flavors. Thus, arbitrarily
light massless modes arise, as M → 0, only if Lδu is allowed to approach 0 (or, equivalently,
pi). On the other hand, so long as Lδu is sufficiently far away from these two values, even at
M = 0, the quark mass in the center symmetric vacuum is ∼ 1/L.
In order not to overly complicate the discussion with general formulae, we shall now
consider two limiting cases. In the first “Case I.” we take Lδu = pi2 , thus, half the quarks are
periodic and half-antiperiodic. As our second “Case II.”, we take Lδu = 0, thus allowing for
arbitrarily light quarks in the center symmetric vacuum as M → 0.
5.3.1 Case I.
This is the case of
Nf
2 periodic and
Nf
2 antiperiodic quarks. As the vacuum is center symmet-
ric, the theory is Abelian for any M . Furthermore, for any value of M the lightest fundamental
fermions have mass of order L−1 and the unbroken U(1) gauge coupling will be frozen at the
scale ∼ 1L (this is also easy to check using our expression for the effective coupling (5.16)).
Thus, we expect now that the dynamics is semiclassically calculable at any arbitrarily small
but nonzero M , provided L is small enough. However, this case is of limited interest for
semiclassical bion dynamics as the fundamental fermion zero modes have a very short range
' 2Lpi and play no role in bion binding, except for the zero mode mass insertion. Recall that
with half the fundamentals periodic and half antiperiodic, both the BPS and KK monopoles
have a fundamental zero mode and thus the overall M
Nf
2 factor in the superpotential is quite
natural. Thus, as M → 0, the superpotential vanishes as do all mass scales induced by W .
As one expects continuity of the dynamics as a function of holomorphic parameters in super-
symmetric theories [44], this result suggests that the massless theory has a quantum moduli
space and that the theory lands on the center-symmetric point when the center-symmetric
M → 0 limit of the α1,2 = (0, pi) fixed-L and fixed-g2 theory is approached.
To support this picture, we now propose that the superpotential of the massless center-
symmetric theory (Nc = 2 where
Nf
2 flavors are periodic and
Nf
2 are antiperiodic) for general
even Nf > 2 has the form:
21
W = (Y PfM1)
2
Nf−2 + (Y −1PfM2)
2
Nf−2 , (5.26)
21Notice that this superpotential is different than the one for two different real masses of Ref. [12], since
the points on the Coulomb branch where either periodic or antiperiodic quarks become massless correspond
to enhanced SU(2) gauge symmetry (as opposed to Case II., see Footnote 22).
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and we note that the one remaining even value Nf = 2 can be similarly considered and
that (5.26) is valid only away from the origin for Nf > 4. Here, M1 and M2 are the
meson superfields for the two kinds of flavors (Nf ×Nf antisymmetric matrices). The center
symmetry interchanges M1 with M2 and Y with 1/Y . This superpotential is the sum of
the superpotentials for two
Nf
2 -flavor SU(2) theories away from the origin and does not
include any single monopole-instanton terms because they are absent in the present center-
symmetric theory, where all monopole-instantons have fundamental zero modes everywhere
on the Coulomb branch. When Y = 0, theM2-quarks are massive andM1 are massless (this
point corresponds, classically to v = 0), and v.v. when Y = ∞ (which really stands for the
classical point v = 2piL , where the second set of quarks becomes massless).
Our proposed Eqn. (5.26) passes several checks. Integrating out Y , one finds W4d =
(PfM1PfM2)
1
Nf−2 —the correct superpotential of 4d SU(2) SQCD with Nf flavors away
from the origin (it is given by (PfM)
1
Nf−2 for Nc = 2, with PfM = PfM1PfM2, i.e. with
the mesons containing quarks from both kinds of flavors missing, as they are not part of
the effective 3d description (5.26)). Furthermore, adding mass terms to (5.26) for the two
kinds of quarks, Wmass = tr (M1M1 + M2M2), and integrating them out, one finds W ∼
PfM1Y
−1 + PfM2Y , i.e. the superpotential of Eqn. (5.3) that was computed with great care
in the previous Sections. Finally, as promised, Eq. (5.26) also implies that there is a moduli
space of vacua. This can be seen, for example, from Y 2 ∼ PfM1/PfM2 and by noting that any
Y can be reached by appropriately adjusting the way the M1,2 → 0 limit is taken. Depending
on Nf , there are singularities where new massless degrees of freedom appear. When Nf = 4,
this superpotential should be valid everywhere (the relevant massless mesons and monopole
operator are the massless degrees of freedom [12] at vanishing Y or Y −1). However, notice
that when M1 = M2 are taken to zero, the theory ends on the center-symmetric point Y
2 = 1
on the moduli space, consistent with the result of our semiclassical analysis.
5.3.2 Case II.
This is the case where
Nf
2 flavors have boundary condition (4.2) given by α1 =
pi
2 and the other
Nf
2 flavors – by α2 = −pi2 . The vacuum is center symmetric, see (5.25), and the dynamics
is, once again, Abelian. However, for vL = pi, and α1,2 = ±pi2 , i.e. with Lδu = 0, there is
a charged mode of mass determined solely by M , an external tunable parameter. We thus
expect that as M is decreased, the quantum modification of the moduli-space metric will take
over the tree-level value,22 leading to a breakdown of semiclassics. Nonetheless, it is of interest
to study this case, as it gives us an arena to study the effect of (hopefully, arbitrarily) light
fundamental zero modes on the weak-coupling semiclassical bion dynamics. At small ML, the
contribution to the 3d effective coupling can be inferred either from the Poisson re-summed
expression (D.4) for Φ(pi,m, pi2 ), by numerically plotting the sum (note, however, that this
requires including an increasing number, of order 1/m, of terms in the sum (D.4); doing so
numerically reproduces the result given below). It is simpler to start from the Kaluza-Klein
22A dual description of the massless limit of Case II. with Nf = 2 was proposed in [12].
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sum expression (D.5), which shows that (m = ML):
Φ(pi,m,±pi
2
) ' − pi
2m
as m→ 0 . (5.27)
Numerically, this asymptotic expression is already valid for m ∼ 0.1. Then, recalling the
condition (5.18), we conclude from (5.27) that the weak-coupling expansion for Case II. is
valid whenever 8pi
2
g2
 Nfpim , or M  18piNf
g2
L . Thus the range of the fundamental-fermion
zero mode would be of order 1M 
8piNfL
g2
= 2Nf
4piL
g2
= 2Nfrb (here rb is the bion size (3.5)).
Thus, one would be tempted to conclude that semiclassics might allow, at best, some marginal
role for fundamental-fermion exchange in the bion formation—especially at large Nf (which
is at most 5 for SU(2)) in the window rb  1M  2Nfrb. In the following Section we argue
that there is no contribution to binding from exchange of fundamental fermions in the bion
action that follows from the potential (5.12).
5.4 The bion-induced potential
Consider now the scalar potential following from (5.10) and (5.11). In our convention of (5.10,
5.9), the first term in W is due to BPS monopoles and the second—due to KK monopoles.
Recall that the fundamental zero modes (for zero M) for periodic quark superfields are local-
ized on the BPS monopoles (and for antiperiodic fields—on the KK monopoles). The scalar
potential that follows from W , K, omitting loop corrections to the Ka¨hler potential (which
multiply the entire potential) is:
V ∼ L
g2
A2 |W ′|2 = (LM)
Nf e
− 8pi2
g2
L3g6
(
e2ReB| + e−2ReB| − e2iImB| − e−2iImB|
)
, (5.28)
where we repeat Eq. (5.13) for convenience:
ReB| = −b′
(
1 +
g2Nf
8pi2
log
4pi
LM
)
+ 3 log
Γ(12 − g
2
8pi2
b′)
Γ(12 +
g2
8pi2
b′)
+NfXuL(pi +
g2
4pi
b′,ML) ,
ImB| = σ , (5.29)
and, if different flavors have different boundary conditions (uL) a corresponding sum is un-
derstood in the first line above. Recall also that g
2b′
8pi2
is the deviation of Lv2pi from the center-
symmetric value 12 , see (5.8). Finally, we repeat the expression for XuL (5.5):
XuL(vL,ML) = − 2
pi
∞∑
n=1
1
n
sin
(
nvL
2
)
cos(nuL)K0(LMn) . (5.30)
While this sum converges fast when ML > O(1), at small ML, XuL has a logarithmic
singularity, and, as we discussed in (5.6, 5.7) it is now clear that this introduces an asym-
metry between BPS-anti-BPS and KK-anti-KK neutral bions. Note that (5.6) implies that
e±2NfXpi(pi,ML) ≈ (ML)∓Nf and e±2NfX0(pi,ML) ≈ (ML)±Nf for small ML. Thus, in the ap-
proximately center-symmetric vacuum (5.22) of the all-antiperiodic quark theory, the overall
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(LM)Nf factor in the scalar potential (5.28) cancels in the first (BPS-anti-BPS bion) and
squares in the second (KK-anti-KK bion) term in the scalar potential—consistent with the
absence (presence) of fundamental zero modes in the BPS (KK) monopoles for antiperiodic
quarks.
On the other hand, recall Section 5.3.1, in Case I., where the sum X0 + Xpi appears in
(5.29), we find that the overall MNf factor in (5.28) is physical and corresponds to the fact
that both the BPS and KK monopoles carry zero modes (see (E.6) for an expression relevant
for Case II.).
As already stated, the first terms in V are due to BPS-anti-BPS “center stabilizing”
neutral bions, the second—due to KK-anti-KK neutral bions, and the last two are due to
magnetic bions. In the case of all antiperiodic quarks, written in terms of the deviation from
center-symmetric holonomy, b′, and the dual photon (ImB = σ) instead, the potential looks
like:
V ∼ e−2b′+2NfXpi(pi,ML) + e2b′−2NfXpi(pi,ML) − cos 2σ , (5.31)
where we assumed that the deviation from center symmetry is small, as in (5.21). Comparing
with our conjectured potential of Eq. (4.9), it is clear that the ratio of the KK-anti-KK
neutral bion amplitude to that of the BPS-anti-BPS bion amplitude is as described there by
δ2 (with δ1 = 2δ2 = 2NfXpi(pi,ML)) and that, see (5.21, 5.22), at large mass (and fixed L),
the KK-anti-KK amplitude is suppressed (or the BPS-anti-BPS one is enhanced). This is
also the behavior expected at small M , when one expects a suppression of the KK-anti-KK
neutral bions due to the mass insertion suppression. Notice, however, that as we increase L
at fixed M the center symmetry restores exponentially. We interpret this as the diminishing
influence of the winding matter modes which screen the Polyakov loop (i.e., heavy quark),
which become suppressed as the radius L is increased (the Poisson resummed expression for
X, Eq. (5.30) has an interpretation as a sum over worldlines of massive particles winding
around the S1).
Next, turning to the case with light fermions in the center symmetric vacuum, Case II.,
we note that the contributions of fermions to the bion action cannot be interpreted as the
binding due to fundamental zeromode exchange, for the following reason: the amplitudes
of the fundamental exchange must necessarily be dependent on the effective masses of the
fundamental fermions (and therefore on their range), i.e., vmin2 ± u, and therefore on the
real mass u. However it is clear that in the symmetric situation when we take
Nf
2 flavors
to have u = pi2L + δu and
Nf
2 flavors to have − pi2L + δu by equation (5.25) and since all the
dependence on the real mass δu is in X±pi
2
+Lδu(vL,ML), the neutral bion actions in (5.28)
are, in fact, δu independent, which contradicts the assumption that fundamental zeromode
exchange contributes to the neutral bions. We therefore think that the fundamental zeromode
exchange in the dilute semiclassical regime does not contribute to the bosonic potential.
In this regard, we note that a study of the “streamline” configuration for instanton-anti-
instanton molecules on R3× S1, along the lines of the related R4 study of SQCD of Ref. [45],
and of its relation to the Bogomolnyi–Zinn-Justin analytic continuation is an interesting
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problem for the future. We believe that such a study will indeed reveal that the fundamental
exchange does not contribute to the neutral bion binding.23 In this paper, we only studied
the supersymmetry-based derivation of the potential (4.9).
Our final remark is that it is easy to see that for the supersymmetric theory with massive
matter multiplet the correlator of the two Polyakov loops exhibits the string breaking at some
distance. Computing the correlator〈
tr Ω(x)tr Ω†(y)
〉
=
〈
cos(
v(x)L
2
) cos(
v(y)L
2
)
〉
≈
(
Nf
g2
(2pi)3/2
)2
e−2ML
ML
+
g2
4pi
e−melr
rL
,
(5.32)
where we have written v(x) = v0 + δv(x), where v0 ' pi± g24piL 〈b′〉 is the vev of v(x), see (5.8,
5.22), and using the v-field correlator 〈δv(x)δv(y)〉 ≈ g24piL e
−melr
r , where mel is the b
′ (and dual
photon σ) mass. The interpretation of the above result is clear: the first term is very small
for large masses and the second term dominates in the sum for melr < 2ML. However when
the term melr (the energy of the string) becomes of the order of 2ML (the energy to produce
a quark antiquark pair) the first term dominates and the free energy of a quark-antiquark is
simply the energy to produce a pair that will screen the potential.
6 Conclusions
Our main result is that the observation of Ref. [16, 17, 22]—where a semiclassically calculable
center-symmetry breaking transition in softly-broken SYM on R3×S1 was found and argued to
be continuously connected, upon decoupling the superpartners, to the thermal deconfinement
transition in pure YM theory—can only be partly replicated in more realistic situations
involving fundamental quarks.
Specifically, we argued that the semiclassical picture of the transition, driven by the com-
petition between perturbative fluctuations and nonperturbative topological “center-stabilizing
bions” and monopole-instantons holds in softly broken SQCD, albeit only for quarks of mass
larger than (roughly) the dual photon mass, i.e., the confinement scale in the long-distance
theory on R3 × S1. For such sufficiently heavy quarks, we showed that a crossover behavior
of the Polyakov loop from an approximately center-symmetric to center-broken occurs as one
increases the “temperature” 1L , as observed in thermal lattice QCD with massive quarks. The
dynamical reason for the crossover behavior—the deformation of the constituent monopole-
instantons by the quarks’ quantum fluctuations—is qualitatively explained in Section 4.2 and
quantitatively studied in Section 5.1.
For lighter quarks, the calculable semiclassical picture of the vacuum and of the Polyakov-
loop crossover fails and a dual description becomes necessary. Such dual descriptions of
massless SQCD on R3 × S1 have been proposed and studied in some detail, see [40] and
23A related question, already posed in [15], that a study of the streamline for monopole-instantons might
help answer is that of the absence of magnetic bions in N = 2 Seiberg-Witten theory on R3 × S1. Only a
supersymmetry argument is known to date but a dynamical understanding would be desirable; see Section 8.1
in [19] for additional motivation.
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references therein. Their microscopic origin and any possible connection to deconfinement
remain interesting subjects for future studies.
Finally, we speculate what happens in QCD with light quark flavors. Since in QCD chiral
symmetry is broken at sufficiently low temperatures, the fermions always have an effective
mass. On the other hand, the dilute gas approximation is invalidated as the coupling is strong.
However in the studies of models of the vacuum—the instanton-liquid (see [46] and references
therein) and more recently the instanton-monopole liquid [47, 48]—it is precisely the high
density of topological defects that was seen as contributing to the formation of the chiral
condensate and the onset of chiral symmetry breaking. The contribution to the vacuum in
that case should not be seen as isolated topological objects (or pairs thereof), but of a network
of highly correlated—by the exchange of fundamental fermions—objects.
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A Taming the perturbative contributions to the Polyakov loop potential
Here, we address the immediate worry that fundamentals will destabilize the center symmetry
of R3 × S1. However, since the boundary conditions on S1 are supersymmetry-preserving, in
the supersymmetric limit the holonomy potential vanishes. When a small gaugino mass
msoft is introduced, as in [16], it generates a one-loop soft scalar mass for the fundamental
fields—but not to the fermions, as perturbative contributions to their mass are protected by
the classical U(Nf )L × U(Nf )R symmetry. The one-loop soft scalar mass squared scales as
m20 ∼ g
2
4pi2
m2soft.
24 The one loop potential [1] due to Nf fundamental Dirac fermions of mass
M and their scalar superpartners of mass M0, M
2
0 ≡M2 +m20, can be easily shown to read:25
V (v1, ...vNc) =
2
pi2
Nc∑
a=1
∞∑
p=1
cos pva
p2
(
K2(pM)M
2 −K2(pM0)M20
)
, (A.1)
where va and all mass scales are given in units of L, the size of S1, which is set to unity until
further notice. The potential V is a function of {va}, the eigenvalues of the holonomy around
S1, more precisely defined as:
Nc−1∑
a=1
Aa3T
a +B31 = diag(v1, v2, . . . vNc) , (A.2)
24A precise expression can be borrowed from the literature on “gaugino-mediation” of supersymmetry break-
ing, but we will not need it (in fact, m0 should be treated as an independent small supersymmetry-breaking
parameter whose order of magnitude is as given).
25Here, we consider the one-loop potential for general Nc; in addition, note that for Nc = 2, v1and v2 in
(A.2) have a different normalization from the one chosen in Eq. (4.5).
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where T a (trT aT b = δab/2) are the SU(Nc) gauge group generators in the fundamental
representation, 1 denotes the Nc × Nc unit matrix, and B3 is the S1 component of a non-
dynamical U(1) background gauge field (it can be thought of as “gauging” the vector like
baryon number symmetry). The expectation value of B3 is usually called “real mass” in
the supersymmetric literature as it provides a real chirally-symmetric mass term in the long-
distance 3d theory. In order to not generate a Chern-Simons term in the R3 × S1, Bµ would
have to correspond to an anomaly-free global symmetry in 4d and induce no parity anomaly
in 3d (the relevant conditions are formulated in [39]). The holonomy corresponding to (A.2)
is:
Ω = diag
(
eiv1 , eiv2 , . . . , eivNc
)
. (A.3)
With B3 = 0, the center-symmetric state corresponds to vk such that
Nc∑
k=1
eivk = 0 (so that
tr Ω = 0) and
Nc∑
k=1
vk = 0 mod (2pi) (ensuring det Ω = 1).
When the supersymmetric Dirac mass M → 0, the relation K2(pM)M2 = 2p2 + O(M2)
shows that the first term in (A.1) reduces to the well-known expression for massless funda-
mental fermions, favoring a center-broken vacuum (e.g., for Nc = 2, v1 = −v2 = pi). In the
limit when the supersymmetry-breaking soft mass m20  M2, we have instead, to leading
order in m20 (recall that L = 1 in all expressions here):
V (v1, ...vNc) = m
2
0
2
pi2
Nc∑
a=1
∞∑
p=1
cos pva
p2
(
Mp
2
K3(Mp)− 2K2(Mp)
)
. (A.4)
It is easy to see that the potential (A.4) still prefers center-broken holonomy around the S1;
this remains true also in the case the supersymmetric Dirac mass M vanishes. Just as in
the pure SYM case of [16], the perturbative effect of the fundamental flavors is suppressed
by the small supersymmetry-breaking parameter m20. This parameter is at our disposal and
will be taken exponentially small so that the perturbative effects in (A.4) can be subleading
with respect to the interesting nonperturbative objects: monopoles, magnetic- and center-
stabilizing bions.
B Fundamental determinants in monopole-instanton backgrounds
For a single Dirac fundamental matter supermultiplet, the one loop determinants around a
BPS or KK monopole instanton contribute√
det (∆− +M2)(∆+ +M2)
det (∆+ +M2)
, (B.1)
where, for a self-dual background,
∆− = −D2µ + 2 σ ·B , ∆+ = −D2µ , (B.2)
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whereB is the magnetic field of the relevant monopole-instanton and we are using the notation
of [17]. The determinants in the numerator are the fermionic contribution det( /D −M) and
in the denominator—the contributions of the two complex fundamental scalars (see, e.g., [49]
for an introduction). The Pauli-Villars renormalized contribution is then√
det (∆− +M2)
det(∆+ +M2)
det (∆+ + Λ2PV +M
2)
det(∆− + Λ2PV +M2)
. (B.3)
Now, defining the index function (note that, in 4d self-dual backgrounds, IF (µ
2) is actually
µ-independent and is equal to the index at any µ; this is, however, not so in a 3d monopole-
instanton background, where the index is recovered at µ = 0 only):
IF (µ
2) = tr
µ2
∆− + µ2
− tr µ
2
∆+ + µ2
, (B.4)
and using the relation∫ M2
Λ2PV +M
2
dµ2
µ2
IF (µ
2) = ln
(
∆− +M2
∆− + Λ2PV +M2
)
− ln
(
∆+ +M
2
∆+ + Λ2PV +M
2
)
, (B.5)
we have that, for a single Dirac fundamental flavor:√
det (∆− +M2)
det(∆+ +M2)
det (∆+ + Λ2PV +M
2)
det(∆− + Λ2PV +M2)
= exp
[
1
2
∫ M2
Λ2PV +M
2
dµ2
µ2
IF (µ
2)
]
. (B.6)
The index function IF (µ
2) for fundamental fermions in a BPS instanton-monopole background
was calculated in [39] with the result:
IBPSF (µ
2) =
Lv
2pi
+
1
2
 ∞∑
n=−∞
2pin
L +
v
2√(
2pin
L +
v
2
)2
+ µ2
− (v → −v)
 . (B.7)
Similarly, for KK instanton-monopoles, it was found that:
IKKF (µ
2) = 1− Lv
2pi
− 1
2
 ∞∑
n=−∞
2pin
L +
v
2√(
2pin
L +
v
2
)2
+ µ2
− (v → −v)
 . (B.8)
We note that v in the above equations is related to the parameters in Eq. (A.2) as: v = 2v1 =
−2v2 (e.g., the center-symmetric point is v = pi/L; recall L = 1 in (A.2)). The sum in the
above integrals is formally divergent and we regularize it by analytic continuation. First, we
introduce the sum:
F (s; a, c) =
∞∑
n=−∞
1
[(n+ a)2 + c2]s
, (B.9)
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for which it is well-known that (see, e.g., the Appendix of [50] for a derivation):
F (s; a, c) =
√
pi
Γ(s)
|c|1−2s
(
Γ
(
s− 1
2
)
+ 4
∞∑
n=1
(pin|c|)s−1/2 cos(2pina)Ks−1/2(2pin|c|)
)
.
(B.10)
Then, we note that the sum we need to evaluate (from the square brackets of (B.7) and (B.8))
can be expressed in terms of F (s, a, c):
S(a, c) =
∞∑
−∞
n+ a√
(n+ a)2 + c2
= ∂aF (−1
2
; a, c) , (B.11)
where we introduced a = vL/(4pi) and c = µL/(2pi). Therefore, from (B.10) we have:26
S(a, c) = 4|c|
∞∑
n=1
sin(2pina)K−1(2pin|c|) . (B.12)
The general expression for the index function, substituting (B.12) into (B.7, B.8), is:
IBPSF (µ
2) =
vL
2pi
+
2µL
pi
∞∑
n=1
sin
(
nvL
2
)
K1(nµL) (B.13)
for the BPS monopole-instanton, and, for the KK monopole:
IKKF (µ
2) = 1− vL
2pi
− 2µL
pi
∞∑
n=1
sin
(
nvL
2
)
K1(nµL) . (B.14)
For future use, we note that the above equations for IF (µ
2) are easily generalized by
introducing a so-called “real mass” to the fundamental supermultiplet, i.e., an overall U(1)
shift to A3 of Eq. (A.2), denoted there by B3. Taking B3 = u, we obtain:
27
IBPSF (µ
2) =
vL
2pi
+
2µL
pi
∞∑
n=1
sin
(
nvL
2
)
cos(nuL)K1(nµL) ,
IKKF (µ
2) = 1− vL
2pi
− 2µL
pi
∞∑
n=1
sin
(
nvL
2
)
cos(nuL)K1(nµL) . (B.15)
26As a check, if we take µ→ 0 (i.e., c→ 0) we obtain:
lim
c→0
S(a, c) =
2
pi
∞∑
n=1
1
n
sin(2pina) =
i
pi
[
ln(1− e2piia)− ln(1− e−2piia)
]
=
i
pi
ln
(
−e2piia
)
= 1− 2(a− bac) ,
where bac denotes the largest integer smaller than a. Thus the index (B.7) becomes (c.f. Eq. (3.5) of [39]):
IBPSF (0) =
Lv
2pi
+
1
2
(S(a, 0)− S(−a, 0)) =
⌊
vL
4pi
⌋
−
⌊−vL
4pi
⌋
= 1− IKKF (0) .
27By replacing v/2→ v/2+u in the first sum, and −v/2→ −v/2+u in the second sum in the square brackets
in (B.7) and (B.8). We also note that the U(1) symmetry that B3 gauges is vectorlike and no Chern-Simons
term is induced in the long-distance theory on R3 × S1 [39].
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Now we continue to evaluate the determinants with u = 0. For Nf fundamental Dirac
flavors, we find, for the BPS monopole instanton background:28
Nf
2
∫ M2
Λ2PV
dµ2
µ2
IBPSF (µ
2) = Nf
vL
2pi
ln
(
M
ΛPV
)
+Nf
2L
pi
∞∑
n=1
sin
(
nvL
2
)∫ M
ΛPV
dµ K1(nLµ)
= Nf
vL
2pi
ln
(
M
ΛPV
)
+Nf
2
pi
∞∑
n=1
1
n
sin
(
nvL
2
)
(K0(LΛPV n)−K0(LMn))
= Nf
vL
2pi
ln
(
M
ΛPV
)
−Nf 2
pi
∞∑
n=1
1
n
sin
(
nvL
2
)
K0(LMn) , (B.16)
while for the KK monopole instanton, we similarly obtain:
Nf
2
∫ M2
Λ2PV
dµ2
µ2
IKKF (µ
2) = Nf (1− vL
2pi
) ln
(
M
ΛPV
)
+Nf
2
pi
∞∑
n=1
1
n
sin
(
nvL
2
)
K0(LMn) . (B.17)
For completeness, we also give the expression for the nonzero mode determinant of the
vector supermultiplet from Ref. [17]:
∆adj ≡
(
det ∆+
det′∆−
det ∆− + Λ2PV
det ∆+ + Λ2PV
) 3
4
∣∣∣∣
BPS
=
(
4pi
L
)3
e
6Lv
2pi
log
ΛPV L
4pi
+3 log
Γ(1−Lv2pi )
Γ(Lv2pi ) , (B.18)
while the corresponding expression for the KK monopole-instanton is obtained by substituting
vL
2pi → 1 − vL2pi . We note that the vector supermultiplet determinant is dimensionful, since
the zero modes of ∆−, as indicated by the prime in (B.18), are excluded from the ratio of
determinants.
C Monopole-instanton determinants and effective coupling
The derivatives of the logarithm of the one-loop nonzero mode determinants around the
monopole-instantons w.r.t. the modulus field v determine the moduli space metric and,
thus, the effective coupling of the long-distance 3d theory. The relation between the one-
loop determinants and the one-loop moduli space metric is implied by supersymmetry and
is explained in [17]. Explicitly, the modulus field v has a kinetic term (i = 1, 2, 3) given by
the sum of the bare coupling and the one-loop contributions of the adjoint and fundamental
supermultiplets
1
2
(∂iv)
2
[
L
g24(ΛPV )
− 1
4pi
Fadj(v, L)− 1
4pi
Ffund(v, L,M, u)
]
≡ 1
2g23,eff.
(∂iv)
2 , (C.1)
where g24(ΛPV ) is the 4d bare gauge coupling.
28At this stage, we replaced
√
Λ2PV +M
2 by ΛPV , which is valid as long as we do not demand that our
formulae automatically describe the decoupling limit of heavy flavors.
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The derivative of the fundamental BPS determinant (B.16) (taken with u 6= 0 below)
w.r.t. v reads:
Ffund(v,M,L, u) ≡ d
dv
[
Nf
2
∫ M2
Λ2PV
dµ2
µ2
IBPSF (µ
2)
]
(C.2)
=
NfL
2pi
ln
M
ΛPV
− 2NfL
2pi
∑
n>0
cos(
nvL
2
) cos(nuL)(K0(MLn)−K0(ΛPV Ln)),
(C.3)
where we also kept the Pauli-Villars contribution in the last term (here, it can be omitted,
but we will need it for later use). The derivative of the logarithm of the vector supermultiplet
determinant, Eq. (B.18), is [17]:
Fadj(v, L) ≡ d
dv
[log ∆adj ] =
6L
2pi
log
ΛPV L
4pi
− 3L
2pi
[
ψ
(
Lv
2pi
)
+ ψ
(
1− Lv
2pi
)]
, (C.4)
where ψ(x) = d ln Γ(x)/dx. From (C.1,C.4,C.2), we find for the effective 3d coupling:
1
g23,eff
=
L
g24(ΛPV )
− L
8pi2
(6−Nf ) log ΛPV L
4pi
+
3L
8pi2
[
ψ
(
Lv
2pi
)
+ ψ
(
1− Lv
2pi
)]
(C.5)
+
NfL
8pi2
log
4pi
ML
+
2NfL
8pi2
∑
n>0
cos(
nvL
2
) cos(nuL)K0(MLn) .
The first line in (C.5) allows us to replace the bare 4d coupling with its value renormalized
at 4pi/L, using the full one-loop beta function of SQCD with Nf flavors (b0 = 3Nc − Nf ).
The second line represents the contribution of the charged adjoint Kaluza-Klein modes to the
effective 3d coupling (or moduli space metric).29 The third line gives the contribution of the
fundamental multiplets to the moduli space metric. We now study in some more detail its
properties.
D Deformation of the moduli-space metric by fundamental flavors
We begin by introducing:
θ ≡ vL (separation between Wilson loop eigenvalues)
m ≡ML (dimensionless Dirac quark mass) (D.1)
α ≡ uL (α = 0− periodic quarks;α = pi − antiperiodic quarks)
29A simple check matching to previous calculations is to study the L → 0, v-fixed, L/g24(L−1)-fixed limit
(i.e., the “usual” 3d limit). Then, using ψ(x)|x→0 ∼ − 1x , only the contribution of the adjoint Kaluza-Klein
zero mode survives, yielding the 3d effective coupling L
g24
− 3
4piv
, as calculated in, e.g., [51].
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We also define mPV ≡ ΛPV L. Let us now express
Ffund(v,M,L, u) =
NfL
2pi
[
logM − 2
∑
n>0
cos(
nvL
2
) cos(nuL)K0(LMn)− (M → ΛPV )
]
=
NfL
2pi
[Φ(θ,m, α)− Φ(θ,mPV , α)] (D.2)
where
Φ(θ,m, α) ≡ logm− 2
∑
n>0
cos(
nθ
2
) cos(nα)K0(mn) . (D.3)
In what follows, it is useful to rewrite the fundamental contribution in a way that allows to
study its small-M and small-L limits.
We note now various properties of Φ(θ,m, z) that may be useful. First, it can be given
a representation as a sum over Kaluza-Klein modes, which makes its interpretation as a one-
loop correction to the moduli space metric evident. We begin by noting that, from (D.2,
D.3):
Φ(θ,m, α)− Φ(θ,mPV , α) = 1
2
log
m
mPV
−
∑
n>0
(K0(mn)−K0(mPV n)) cosn(θ
2
+ α)
+
1
2
log
m
mPV
−
∑
n>0
(K0(mn)−K0(mPV n)) cosn(θ
2
− α) .
(D.4)
Next, we recall from (B.9,B.10) that:30
F (
1
2
; a, c1)− F (1
2
; a, c2) = −2 log |c1||c2| + 4
∑
n>0
cos(2pina)(K0(2pin|c1|)−K0(2pin|c2|)) ,
allowing us to express:
Φ(θ,m, α)− Φ(θ,mPV , α)
= −1
4
F (
1
2
;
θ
4pi
+
α
2pi
,
m
2pi
)− 1
4
F (
1
2
;
θ
4pi
− α
2pi
,
m
2pi
)− (m→ mPV ) (D.5)
=
1
4
∞∑
k=−∞
1[
(k + θ+2α4pi )
2 + ( µ2pi )
2
] 1
2
+
1[
(k + θ−2α4pi )
2 + ( µ2pi )
2
] 1
2
∣∣∣∣µ=mPV
µ=m
,
The last equation above shows that Φ represents a one-loop correction to the moduli space
metric; a similar representation of the adjoint contribution was given in [17].
To test (D.5), we note that it has the correct 4d and 3d limits. The former was already
seen in the correct renormalization of the 4d gauge coupling, while to see the latter, we
take v and 1
g23
= L
g24(ΛPV )
fixed, while L → 0, as well as m = 0. Then, we find Φ(θ, 0, 0) −
30It is necessary to take differences, to cancel infinities in the s→ 1
2
limit and to define the scheme.
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Φ(θ,mPV , 0) = −2piv , which, from (D.2), gives Ffund(v, 0, L, 0) = −
Nf
v and, from (C.5), a one
loop shift 1
g23,eff
= 1
g23
+
Nf
4piv , which agrees with, e.g., [51]. Note that while it would seem
that flavors make the gauge coupling weaker as one approaches the origin of moduli space
v → 0, the equation for g23,eff shows that quantum corrections overcome the tree level value
at v ≤ 4pi
Nfg
2
3
and hence it should not be trusted beyond this limit; note also that a similar
bound for the gaugino supermultiplet contribution applies but with Nf replaced by 3. Indeed,
it is known that the moduli space of even U(1) theories with charged matter is modified near
the origin where Coulomb and Higgs branches meet.
We now come back to the effective 3d coupling (C.5) and rewrite it as follows (from now
on, we denote g2 ≡ g24(4piL )):
8pi2
Lg23,eff
(θ,m, α) =
8pi2
g2
+ 3
(
ψ(
θ
2pi
) + ψ(1− θ
2pi
)
)
+Nf (log 4pi − Φ(θ,m, α)) , (D.6)
All the M -dependence is now in Φ and we are interested in studying small m; as usual, we
imagine L is small enough so that g2 is weak and, really, we want m  1. What we are
after is to find out, combining (D.6) with the result from the following section for θmin =
Lvmin(m,α, g
2) (the supersymmetric expectation value of v for given M) and imposing the
self-consistency condition that the weak-coupling approximation holds, i.e. that none of the
corrections in (D.6) is larger than the “bare” 3d coupling. The latter is naturally identified
with the full theory 4d coupling ∼ 8pi2
g2
, renormalized at the compactification scale 4piL and
multiplied by L. Thus, Eqn. (5.18) should be useful to give a lower bound on M in each case
considered.
E Small-M asymptotics of XuL
Now we consider the function XuL(vL,ML) and expand around ML→ 0 the function then
becomes
XuL(vL,ML) = − 2
pi
∞∑
n=1
1
n
sin
(
nvL
2
)
cos(nuL)[c1 − ln(MLn) + o(ML)] , (E.1)
where c1 = −γE + ln 2. The above sum can be rewritten as
XuL(vL,ML) ≈ − 1
pi
Im
{ ∞∑
n=1
1
n
[
c1 − ln(MLn))
]
ein(
v
2
+u)L + (u→ −u)
}
(E.2)
=
1
pi
Im
{
ln(1− ei( v2 +u)L)(c1 − ln(ML))− ∂νLiν+1(ei(
v
2
+u)L)
∣∣∣∣∣
ν=0
+ (u→ −u)
}
.
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The above result was obtained from the analytical continuation of the following sums:∑
n>0
1
n
e−xn = − ln(1− e−x) ,
∑
n>0
lnn
n
e−xn =
∑
n>0
lnn
n1+ν
e−nx
∣∣∣∣∣
ν=0
= −∂ν
∑
n≥0
1
n1+ν
e−xn
∣∣∣∣∣
ν=0
= −∂νLi1+ν(e−x)
∣∣∣∣∣
ν=0
. (E.3)
Finally, since
1
pi
Im
(
ln(1− ei( v2±u)L)
)
= −1
2
+
(
vL
2 ± uL
2pi
−
⌊
vL
2 ± uL
2pi
⌋)
, (E.4)
we obtain that:
XuL(vL,ML) ≈
(
−1 + vL
2pi
−
⌊
vL
2 + uL
2pi
⌋
−
⌊
vL
2 − uL
2pi
⌋)
(c1 − ln(ML))
− 1
pi
Im
{
∂ν
[
Liν+1
(
ei(
vL
2
+uL)
)
+ Liν+1
(
ei(
vL
2
−uL)
)]} ∣∣∣∣
ν=0
. (E.5)
The logarithmically divergent (as ML → 0) part of X relevant for SQCD with center sym-
metry is consistent with (5.25):
Xpi
2
+Lδu(pi,ML) +X−pi
2
+Lδu(pi,ML) (E.6)
'− ln(ML)
(
−1−
⌊
1
2
+
δu
2pi
⌋
−
⌊
− δu
2pi
⌋
−
⌊
δu
2pi
⌋
−
⌊
1
2
− δu
2pi
⌋)
= 0
for Lδu between 0 and pi. Notice also that the logML terms in (E.5) combine with the other
finite contribution of the fundamental determinant into an expression proportional to logLM
times the index for fundamental fermions in the BPS monopole-instanton background, as
shown in Eqs. (5.6, 5.7).
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